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Abstract. This is an expository article on the recent studies [231 HH Ell [H] 
of Ruan's crepant resolution/flop conjecture |59l 160) and its possible relations 
to the i^-theory integral structure |44l 1501 in quantum cohomology. 

1. Introduction 

The small quantum cohomology is a family {H*{X),Ot.) of commutative ring 
structures on H*{X) parametrized by r G H^'^{X). The quantum product goes 
to the cup product in the large radius limit: — 5R(Jpr) — > oo for every effective 
curve C C X. 

Roughly speaking, Yongbin Ruan's conjecture says that, for a pair {Xi, X2) of bi- 
rational varieties in some "crepant" relationships (like flops or crepant resolutions) , 
the small quantum cohomologies {H*(Xi),o^^) and {H*{X2),Ot^) are isomorphic 
under analytic continuation of the parameter r. The conjectural space where the 




Figure 1 . Kahler moduli space Ai containing cusp neighborhoods 
Vi C H^'^{Xi,C), i = 1,2. The global quantum D-module over Ai 
develops singularities along thick lines. 



quantum product o,- is analytically continued is known as Kahler moduli space M. 
(Figure [T]) in physics. In our situation, this space M has two limit points (cusps) 
Oi, O2 corresponding to the large radius limit points of Xi and X2 respectively. A 
neighborhood Vi of 0^ is identified with an open subset of H^'^{Xi). A weak form 
of Ruan's conjecture asserts that there exists a family {F,o^) of commutative rings 
over M. such that its restriction to Vi is isomorphic to the small quantum coho- 
mology of Xi. In particular, the cohomology rings H*{Xi), H*{X2) are connected 
through quantum deformations. 

In a more precise picture, the family of rings should come from a D-module 
(i<", V) (a meromorphic flat connection) over M — a global quantum D-module. 
This _D-modulc restricted to Vi is identified with the quantum Z?-module given by 
the Dubrovin connection ([5]): 
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where z S C* is a parameter. 
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The Dubrovin connection zVq, recovers the quantum product 4>aOT in the Hmit 
z — > 0, but the D-module structure contains much more information than a family 
of rings. In fact, the global quantum I?-module (F, V) together with additional data 
— opposite subspace and dilaton shift — yields a flat (or Frohenius) structure on 
the (extended) Kahler moduli spaccQ- Moreover, the local monodromy around each 
cusp determines a canonical choice of the opposite subspace and recovers the flat 
structure on Vi coming from the vector space H^''^{Xi). Here, as the example in [53] 
suggests, the fiat structures from the different cusps Oi and O2 do not necessarily 
coincide. 

In this article, we moreover postulate that the global quantum Z3-module is 
underlain by an integral local system. We also conjecture that, over Vi, the integral 
local system in question comes from the iiT-theory of Xi. This has the following 
physical explanation. Quantum cohomology is part of the A-modcl topological 
string theory. A chiral field in the A-model {i.e. a section of the quantum D- 
module) should have a pairing with a B-type D-brane (i.e. an object of the derived 
category D^^^^S.-^^)) (^^® ^-d- [38'). This suggests that a vector bundle on Xi should 
give a flat section of the quantum D-module. In mirror symmetry, this is mirror 
to the fact that a holomorphic n-form has a pairing with a (real) Lagrangian n- 
cycle by integration. Based on mirror symmetry for toric orbifolds, the author [44j 
proposed a formula (|12p which assigns a flat section of the quantum D-module to 
an element of the if-group. Katzarkov-Kontsevich-Pantev [SD] also found a similar 
formula for a rational structure independently. The flat sections arising from the 
K-giowp define an integral local system over Vi. Via the analytic continuation of 
if-theory flat sections along a path ^{t) connecting Vi and V2 (see Figure [T]), we 
obtain an isomorphism of J-iT-groups: 

Vk.j-- K{Xi) ^ K{X2). 

The isomorphism \5K,-j contains complete information about relationships between 
genus zero Gromov-Witten theories (quantum cohomology) of Xi and X2. We 
expect that \5K,-y is given by a certain Fourier-Mukai transformation. 

The paper is structured as follows. In Section [2 we review orbifold quantum 
cohomology/I?-module and introduce the iiT-theory integral structure on it. In 
Section 13.11 we formulate a precise picture (Picture 13. ip of the global quantum 
ZJ-module sketched above. In Sections I3.2H3.71 we discuss what follows from the 
picture without using integral structures. The main observation here is the fact 
that each cusp determines a (possibly different) Frobenius/flat structure on Ai. 
The Hard Lefschetz condition in Section 13.71 is a sufRcient condition for the Frobe- 
nius structures from different cusps to match. These facts were found in [23], but 
the present article contains a complete proof of the characterization of Frobenius 
structures at cusps (Theorem 13. 131 announced in [53]) and a generalized Hard Lef- 
schetz condition (Theorem I3.22p . In Sections l3.8[ 13.91 we use integral structures 
to study the crepant resolution conjecture for Calabi-Yau orbifolds and give an ex- 
plicit prediction (Conjecture 13. 31|) for the change of co-ordinates in local examples. 
Readers who want to know a role of integral structures in Ruan's conjecture can 
safely skip Sections I3.2H3.7I and go directly to Sections 13.81 or 13.91 
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2. if-THEORY INTEGRAL STRUCTURE IN QUANTUM COHOMOLOGY 

In this section, we review the orbifold quantum cohomology for smooth Deligne- 
Mumford stacks and introduce the i^-theory integral structure on it. Assuming the 
convergence of structure constants, quantum cohomology defines a flat connection, 
called Dubrovin connection, on some cohomology bundle over a neighborhood of 
the "large radius limit point" . This is called quantum D-module. We will see that 
the if-group defines an integral lattice in the space of (multi-valued) flat sections 
of the quantum D-module. The key definition will be given in Definition [TUl The 
true origin of this integral structure is yet to be known, but it has a number of 
good properties: 

• This is invariant under every local monodromy around the large radius limit 
point. 

• The pairing on quantum cohomology is translated into the Mukai pairing 
on the iiT-group. 

• This gives a real structure which is pure and polarized in a neighborhood 
of the large radius limit point [44 . In particular, wc have tt* -geometry 
[m [32] on quantum cohomology. 

• This looks compatible with many computations done in the context of mir- 
ror symmetry [421 [7] . Especially this matches with the integral structure 
on the Landau- Ginzburg mirror in the case of toric orbifolds 44J. 

• Thus in toric case, this integral structure is compatible also with the Stokes 
structure. 

In this article, we will not explain the last three items. See [HI [371 [SO] for the 
properties "pure and polarized" or "compatibility with Stokes structure" . 
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2.1. Orbifold quantum cohomology. We start from the notation on orbifolds. 
Let X he a. smooth Dehgnc-Mumford stack with projective coarse moduh space X. 
Let IX be the inertia stack of A". A point on IX is given by a pair {x, g) of a point 
X £ X and an element g of the automorphism group (local group) kxiix{x) at x. 
The element g € K\itx{x) is also called a stabilizer. Let 

ix^\_\x, = Xou\_\x, 

be the decomposition of IX into connected components. Here T is a finite set 
parametrizing connected components of IX . T contains a distinguished element 
e T which corresponds to the trivial stabilizer 5 = 1 and we set T = {0} U T'. 
Then Aq is isomorphic to X . At each point (x, g) in IX ^ we can define a rational 
number ^(x.g) called age. The element g of the automorphism group acts on the 
tangent space T^X and decomposes it into eigenspaces: 

T.,X = {T,,X)f 

0</<l 

where g acts on {TxX)f by exp(27ri/). The age i^(x.g) is defined to be 

H^^s) = X! f AvtnciTxX) f . 

0</<l 

The age i^x^g) is constant along the connected component Xy of IX , so we denote by 
the age i[x,g) any point (a;,(7) in X^. The orbifold or Chen-Ruan cohomology 
group -ff^R ('^) is ^ Q-graded vector space defined by 

H'cRiX)=^HP-'^^{X,,C), peQ. 
veT 

This is the same as II*{IX,C) as a vector space, but the grading is shifted by 
the age. In this paper, we only consider the even parity part of H^^(X), i.e. 
the summands satisfying p — 2ti, = mod 2 in the above decomposition. Unless 
otherwise stated, we denote by IIq^{X) the even parity part. The inertia stack 
has an involution inv: IX — > IX which sends {x,g) to {x,g~^). This induces an 
involution inv: T ^ T on the index set T and inv* : H^^ii^) — > H^^ii^) the 
cohomology. The orbifold Poincare pairing on iJ^R i'^) is defined by 

(a,/3)orb = / a U inv*(/3) = / U /3i„v(i,), 

where , (3^ are the u-components of a, /3. This pairing is symmetric, non-degenerate 
and of degree —2 dime X. 

Gromov-Witten theory for manifolds has been extended to the class of symplec- 
tic orbifolds or smooth Deligne-Mumford stacks. This was done by Chen-Ruan [27] 
in the symplectic category and by Abramovich-Graber-Vistoli [T] in the algebraic 
category. The formal properties of the genus zero Gromov-Witten theory hold in 
orbifold theory as well: the genus zero orbifold Gromov-Witten theory defines a co- 
homological field theory (see e.g. |54]) on the metric vector space {IIq^{X)^ (•, •)orb)- 
In particular, we have the following correlation functions (Gromov-Witten invari- 
ants): 

(1) (•^•••.•>o,„M^(^cRwr'-c 

defined for m > and d e II2 {X, Z) . This is zero when d is not in the semi- 
group Eff;t C Il2{X,Z) generated by classes of effective curves or to < 2 and 
d = 0. Also these correlation functions satisfy the so-called WDVV equation or 
the splitting axiom (see e.g. [2 Theorem 6.4.3]). The genus zero Gromov-Witten 
invariant is homogeneous with respect to the grading of Hq^{X). More precisely. 
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(ai, . . . , am)^ m d = unless pl^ hpm = 2(dimc A" + (ci(A'), rf) + m- 3), where 

The genus zero Gromov-Witten invariants define a quantum product on 
H^^{X) parametrized by r e i/^R 

(m times \ 
-- . ^ I 0,m+3,(i 

Here Q'^ denotes the element of the group ring C[Eff;f ] corresponding to d G Eff C 
H2{X,Z). The right-hand side belongs to C|r]|Eff;t] (a certain completioiu of 
C|t1 C[mx]) and defines the element a •r P in H*c^{X) ® ClrJlEffA-l because 
the orbifold Poincare pairing is non-degenerate. By extending as a C|r]|Eff;f]- 
bifinear map, we have an associative commutative ring (ff^p (A") (X)C|T]|Eff;t'l, "t)- 
Here the associativity of the product Ur follows from the WDVV equation. This is 
the orbifold quantum cohomology of X. 

Using the Divisor equation (see e.g. Theorem 8.3.1]), we can write 

(m times 

where we put 

(3) T = ro,2 + r', To,2€H^Xo), t' e ^ HP (Xo) (S ^ H* {X,) . 

p^2 veT 

This shows that the parameters r and Q in the product •t are redundant. In fact 
•t depends only on r' and e'^°-^Q. We put 

°T := •t\q=i- 

The product o,. is a formal power series in r' and a formal Fourier series in to.2- 
It is clear from the formula that recovers •7-. In what follows, we will study 
instead of and assume that the product is convergent in some open set U of 

Assumption 2.1. The orbifold quantum product is convergent on a simply- 
connected open set U containing the following set 

{reH^^iX); n{{d,To,2)) <~M,ydeESx\{0}, ||t'|| < g-^^.} 
where r = to,2 + t' is the decomposition in M > is sufficiently big and || • || 
is a suitable norm on iJ^R ('^) ■ 

Remark 2.2. Working over a certain formal power series ring, we could discuss the 
if-theory integral structure without this assumption. However, when considering 
Ruan's conjecture later, we cannot avoid the convergence problem of quantum 
cohomology. 

The open set U above is considered to be a neighborhood of the "large radius 
limit poinf^ which is the limit point of the sequence 

(4) r = ro^2 + r': 3fi((d, ro,2)) ^ -(^, r' ^ 0. 

(This notion will be made more precise later.) In this limit, the orbifold quantum 
product goes to the Chen-Ruan orbifold cup product Ucr. This product Ucr is 
the same as the cup product when A" is a manifold, but in the orbifold case, this is 
different from the cup product on IX . 



For example, one completion is given by the additive valuation v on C[Eff;f] defined by 
v{Q'^) = f^ uj, where a; is a Kahler form on X. 
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2.2. Quantum D-modules with Galois actions. Let {^,} be a homogeneous 
C-basis of Hqj^{X) and {i*} be the hnear co-ordinate system on Hqj^{X) dual to the 
basis {(f>i}. Denote by r = X^i^i a general point on H^^{X). The quantum D- 
modulc is a meromorphic flat connection on the trivial -ffjp (A')-bundlc over [/ x C. 
Denote by (r, z) a general point on the base space U xC Let (— ): U xC ^ U xC 
be the map sending (r, z) to (r, —z). 

Definition 2.3. Quantum D-module QDM{X) = {F, V, (•, •)f) is the trivial holo- 

morphic vector bundle F := Hq^{X) X (J7 X C) — > (?7 X C) endowed with the 
meromorphic flat connection V: 



(5) 

and the V-flat pairing 



WW 9 1^ 

at* OT' 

Vza, = Eo^ +fj,, 

oz z 



i;-)F: {-rO{F)®0{F)-^Ou^c 



induced from the orbifold Poincare pairing x -P^t.z) = Hqy{,{X) x H^^iiX) 

C. Here E is the Euler vector field on [/ given by 



^ 1 

(6) E:=Ci(TAf) + 5^(l--deg0OiVi 



and fjb e End(iIcj^(A')) is the Hodge grading operator defined by 

1 n 

(7) iJL{(j)i) := (- deg^i - n = dime X. 

The flat connection V is called Dubrovin connection or the first structure connection. 
Note that Vi has a pole of order 1 along z = and Vg^ has a pole of order 2 along 
2 = 0. The flatness of V follows from the WDVV equations and the homogeneity 
of Gromov-Witten invariants. 

Remark 2.4. By D-module one means a module over the ring of differential op- 
erators. In our case, the ring OMxcidt^, zdz) of differential operators on x C* 

acts on the space of sections of F via the flat connection: d^i i— > Vj, zdz i— > 'VzO^- 
This explains the name "quantum _D-module" . 

The quantum D-module admits certain discrete symmetries (Galois actions). 
Firstly, since o,. depends only on e"^"-^ and r', it is clear that is invariant under 
the following translation: 

To,2 ^ To,2 - 27riC, ^ e H^{X, Z). 

This is a consequence of the Divisor equations and is familiar in ordinary Gromov- 
Witten theory. Interestingly, we have a finer symmetry for orbifold theory. Let 
H^{X, Z) be the sheaf cohomology of the constant sheaf Z on the stack X (not on 
the coarse moduli space X). This group is identified with the set of isomorphism 
classes of topological orbifold line bundles on X. Then H'^{X,Z) is identified with 
the subset of H'^{X,'Z} consisting of line bmidlcs which are pulled back from the 
coarse moduli space X. For ^ G H'^{X,Z}, lot be the corresponding topological 
orbifold line bundle on X and '■= ci{L^) E H'^(X,Q) be the first Chern class. 
For V gT, define < /„(^) < 1 to be the rational number such that the stabilizer 
g at {x,g) G Xy acts on the fiber by exp(27ri/„(^)). 



RUAN'S CONJECTURE AND INTEGRAL STRUCTURES 



7 



Lemma 2.5 ( [44' Proposition 3.1]). The flat connection V and the pairing (•, ■)p of 
the quantum D-module QDM{X) = (F, V, (•, ■)f) is invariant under the following 
map given for ^ G H^{X , Z); 

H*c^{X) xiUxC)^ H*c^iX) X ([/ X C) 
(</),T,z)^-^(dG(O(0),G(O(T),z). 
Here G{0,dGiO- H^ni^) H^ni^) defined by 

GiOiro © T.) = (ro - 2^ieo) ® e2-i/"«)r„ 

i;GT' dST' 

dGiOiro © T,) = TO ® e^'^^^-^^^T, 

i;GT' i;GT' 

where we used the decomposition H^^{X) = H*{Xq) ®^gT' H*{Xy) and Ty G 
H*{Xy). (Here we implicitly assume that U is invariant under the map G{^), but 
we can assume this without loss of generality). 

When ^ e H^ {X, Z) , the above symmetry is the same as the aforementioned one. 
Note that the new symmetry can act non-trivially on the fiber of the quantum D- 
module. The quantum D-module descends to a flat connection on F/H'^{X,'Z) 
{U/H'^{X,Z)) X C. We call this flat connection on the quotient space also the 
quantum D-module. In view of this, we can refer to the symmetries in Lemma 12.51 
as Galois actions or local monodromies at the large radius limit. 

We can construct a partial compactiflcation V of the quotient V — U/H^{X, Z) 
such that V contains the large radius limit point and that the quantum D-module 
on V extends to a D-module on V with a logarithmic singularity along the (etale lo- 
cally) normal crossing divisor V\V. Choose a Z-basispi, . . . ,Pr oi H^{X, Z) /torsion 
such that Pa intersects every effective curve class d E ESx non- negatively {i.e. Pa 
is nef). Then we have the embedding 



U/H^{X,Z) xW, 



e \ . . . ,e 



Pa-i- I ye 

a=l 



r') 



where W = 0p_^2 HP{Xo) H*{Xy) and r' e W. By Assumption O and 

the choice of Pa, the image of this embedding contains the open set ((C*)'' x W){^/S.m 
for a sufficiently big M > 0, where 

Am = {{q\ . . . , g^ r') e e X ly ; l^^l < ||r'|| < e'^'}. 

We set U/H^{X, Z) := {U/H^{X, Z)) U Am C x 1^. For to.2 = ELi we 
have e<^°-2''^> = (e*')<Pi''^) • • • (e*'')<P-'^). Therefore by the formula since Pa is nef, 
the quantum product on U/H'^{X,Z) extends to U / H'^{X,'L). The Dubrovin 
connection on A^v/ in the direction of q'^ ~ e* can be written as 

a d I 

V 8 =q ^ + -Pa Or ■ 

Hence it has a logarithmic pole along q^ ■ ■ ■ (f — 0. We can now define Y as the 
quotient space (or stack): 

V := U/m{X, Z)/{H^{X,Z)/H^{X,Z)). 

This contains both U/H'^{X, Z) and the large radius limit point q = t' = 0. 

Remark 2.6. The partial compactification V depends on the choice of a nef basis 
Pa. The most canonical choice of a partially compactified base space might be the 
possibly singular stack^can^ (SpecC[EffA-] x W)/{H^{X,Z)/ H^{X,Z)). Then 
we always have a map V — > Venn- 
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Remark 2.7. Due to the new discrete symmetries, the large radius hmit point 
in V can have an orbifold singularity when X is an orbifold. Also, the quantum 
Z?-module F/H^{X, Z) on the quotient space may not be trivialized in the standard 
way. In other words, an element of Hq^{X) gives a possibly multi- valued section 
oiF/H^{X,Z). 

2.3. Fundamental solution L{t, z) and the space S{X) of flat sections. We 

introduce a fundamental solution for V-flat sections of the quantum Z?-module 
{F, V). Orbifold Gromov-Witten theory also has (gravitational) descendant invari- 
ants (as opposed to the primary invariants ([T])) of the form 

(aiTp'l\...,ami^'^) 

where tti G i?Qj^(A'), d € Eff;^' and ki is a non-negative integer. The symbol i/ji 
represents the first Chern class of the line bundle on the moduli space of stable maps 
formed by the cotangent lines at the i-th marked point of the coarse domain curve. 
As is well-known in manifold Gromov-Witten theory (see e.g. [551 Proposition 2]), 
we can write the fundamental solution to the equation Vs = by using descendant 
invariants. Let pr: IX ^ A" be the natural projection. For tq G H*{Xo), we define 
the action of tq on iJ^R i^) 

Tq ■ a — pr*(ro) U a 

where the right-hand side is the cup product on H*{IX). (This is known to be the 
same as the orbifold cup product tq Ucr a). Let {(t>k]k=i {4>*'}k=i bases of 
Hq^{X) dual with respect to the orbifold Poincare pairing, i.e. {4>i, 0"')orb = Sf. 

Proposition 2.8 (See e.g. [44, Proposition 3.3]). Let L{t, z) be the following 

End{HQY{(X)) -valued function on U x <C* : 

(8) 

L{r,z)q^ = e'^^'^/^q^~ ^^^kU\r',...,r', \ , ^ ) 

deEHxA<k<N 

where t = ro,2 + t' is the decomposition in and l/{z + ipm+2) in the correlator 
should be expanded in the z~'^-series X]fe>o(~-'^)'°-^ '^'ei p :— ci{X) S 

H^iXo) and 

z~^z'' := exp(— /ilogz) exp(plogz), /i is given in 
Then we have 

V,{L{t, z)z-^zP^) = 0, V,e^_ (L(t, z)z-^z''0) = 0, 

{L{t, -z)(j)i, L{t, z)(t)j)oTh = (0j,0j)orb- 

In particular, Si{T, z) — L{t, z)z^^^z'^4'i, I < i < N , form a basis of multi-valued 
^ -flat sections of F satisfying the asymptotic initial condition at the large radius 
limit 

s,(t, z) ^ z^^^zPe-^^-^cf,,. 

Remark 2.9. The convergence of the fundamental solution L{t, z) is not a priori 
clear. From the Assumption 12.11 we know that L{t,z) also converges on [/ x C* 
because this is a solution to the linear partial differential equations Vs = 0. 

Definition 2.10. Define S{X) to be the space of multi-valued V-flat sections of 
the quantum ZJ-module QDM{X) = (F, V, (•, ■)f): 

S{X) {s(t,z) e T{U X C*,0{F)) ; Vs = 0}. 
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This is a C-vector space with dinic5(A') = dime H^j^ {X). ^{X) is endowed with 
the pairing {■,-)s: 

(si,S2)s := (si(t, e''^z),S2(T, 2;))orb e C, 

where si(t, e"^z) denotes the paraUel translate of si(t, z) along the counterclock- 
wise path [0, 1] 3 9 1-^ e^'^^z. Because si,S2 are flat sections, the right-hand side 
is a complex number independent of (t, z). S{X) is also equipped with the au- 
tomorphism G^{£) for ^ e H'^{X,Z) induced from the Galois action in Lemma 

EH 

G^iO : Six) ^ Six), sir, z) ^ dG(e)(s(G(e)- V, z)). 

In general, (•,-)'S is neither symmetric nor anti-symmetric. When X is Calabi- 
Yau, i.e. p = ciiX) — 0, (•, Os is symmetric when n = dime A" is even and is 
anti-symmetric when n is odd. 

The fundamental solution in Proposition 12 . 81 gives the cohomology framing Zcoh 
of Six): 

(9) ^coh : H^ni^) ^ SiX), ^ L(t, z)z->'zPcj). 

In terms of this cohomology framing Zcoh, it is easy to check that the pairing and 
Galois actions on SiX) can be written as follows: 

(Zcoh(a),Zcoh(/3))5 - ie''"'a,e^'''/3)orb 

(10) G^(e)(Z,oh(«)) = 2,oU(0 e-'-'io,2.,MO)a) 

where we used the decomposition H^j^iX) = 0^,£j H*iXy) in the second hue. (See 
the paragraph before Lemma [^31 for G H^i'^o) and fviO ^ [0, !)■) 

2.4. iiT-theory integral lattice of flat sections. We will introduce an integral 
lattice in the space SiX) of flat sections using the X-group and the characteristic 
class called F-class. Let KiX) be the Grothendieck group of topological orbifold 
vector bundles over X (see e.g. ^ for orbifold vector bundles and orbifold K- 
theory). For simplicity, we assume that X is isomorphic to a quotient orbifold 
[M/G] as a topological orbifold, where M is a compact manifold and G is a compact 
Lie group acting on M with at most finite stabilizers. Under this assumption, KiX) 
is isomorphic to the G-equivariant K-theoTy K^iM) and is a finitely generated 
abelian group [2] . For an orbifold vector bundle V on IX and a component Xy of 

IX, we denote the eigenbundle decomposition of V\x^ with respect to the stabilizer 
action as follows: 

= Kj, 

o</<i 

where the stabilizer of A^, acts on Vvj by exp(27ri/). The Chern character ch: KiX) 
II*iIX) for orbifold vector bundles is defined as follows: 

ch(l^):=0 e'^'fchiipT*V).j), 
veT o</<i 

where pr : IX ^ A" is the natural projection. For an orbifold vector bundle V on 

X, let Syj^i, i — 1, . . . , lyj be the Chern roots of the vector bundle (pr* V)vj on 
Xy (where l^j — rank(pr* V)yj). The Todd class Td(l/) is defined by 

^d(^)-e n n i^^^- 

fGT 0</<l,l<i<i„,/ f=0,l<i<l„,o 
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When the orbifold vector bundle V admits the structure of a holomorphic orbifold 
vector bundle, the holomorphic Euler characteristic x(^) ■= ^"=1 dime H^{X, V) 
is given by the Kawasaki- Riemann-Roch formula [48j : 

(11) x{v)^ I ch(F) u fd(rA'). 

J IX 

Note that x(^) is an integer by definition. For a (not necessarily holomorphic) 
topological orbifold vector bundle V on X, we define x{^) to be the right-hand side 
of the above formula (fTTI) . It follows from Kawasaki's index theorem [35] for elliptic 
operators on orbifolds that x(^) is an integer for any V . In fact, the right-hand side 
of pT|) equals the index of an elliptic operator d + d* : V ® ^ V ® 

where i9 is a not necessarily integrable (0, l)-connection on V and d is its adjoint 
with respect to a hermitian metric on V . 

Define a multiplicative characteristic class F: K{X) H*{IX) as follows: 

w:=0 n nr(i-/+'5"./.)- 

uGT 0</<l i=l 

Here S^j^i is the same as above. The Gamma function in the right-hand side should 
be expanded in Taylor series at 1 — / > 0. The F-class can be viewed as a funny 
"square root" of the Todd class (more precisely, A-class). In fact, using the Gamma 
function equality F(z)F(l ~ z) — 7r/sin(7rz), we find 

where deg: H*{IX) H*{IX) is the ordinary grading operator defined by deg = p 
on HP{IX), age^(F) — J2o<f<i f^"J i^ ^ along Xy, and [•••]„ is the 

i/*(A'i,)-component. In this sense, the iiT-group framing Zk ■ K{X) S{X) below 
can be considered as a "Mukai vector" in quantum cohomology. 

Definition 2.11. We define the K -group framing Zk ■ K{X) S{X) of the space 
S{X) of flat sections by the formula: 

Zk{V) := Z,,^{^(V)) = L{t, z)z-^'zP^(V), 

(12) ^ 
where *(!/) := (27r)-* r(rA') U (27ri)'^'=s/2 c\y{V). 

Here Zcoh is the cohomology framing ([1]), L{t, z)z~^zP is the fundamental solution 
in Proposition [SiHl (27ri)'^'=s/2 ^ End{H*{IX)) is defined by (27ri)'i°s/2|^^^^^^^ ^ 

(27ri)Pandr(rA')Uisthecupproductini/*(/A'). The image 5(A')z := Zk(K{X)) C 
S{X) of the -K-group framing is called the K -theory integral structure on the quan- 
tum cohomology. 

The notation Zk for the i^T-group framing is motivated by the central charge in 
physics. Conjecturally, the integral 

(13) Z[V):^c{z)[ ZK{V){T,z)=c{z){l,ZK{y){T,z)),,^ 

Jx 

with c(z) = {2'Kz)^ /(27ri)", n = dim A" gives the central charge of a B-type D-brane 
in the class V at the point r of the (extended) Kahler moduli space. This plays 
a central role in stability conditions on the derived category D''^^yi{X) [29l[8]. It 
would be very interesting to find an intrinsic explanation for the formula (jl2p from 
this point of view. In the language of quantum Z3-modules, Z{V) is a coefficient of 
the unit section 1 expressed in a V-flat frame. 
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Proposition 2.12 ( [HI Definition-Proposition 3.16]). (i) The image S{X)z of the 
K -group framing Zk is a lattice in S{X): 



(ii) The pairing {-j-Js on S{X) corresponds to the Mukai pairing on K{X) 
through the K -group framing Zk- 



Therefore, we have a Z-valued pairing S{X)z x S{X)z 

(iii) For ^ E H'^{X,'Z), the Galois action G^{(,) on S{X) corresponds to the 
tensor by the orbifold line bundle LY (corresponding to ~S,) on K{X): 



In particular, the lattice S{X)i is invariant under the Galois action. 

Tlie statement (i) follows from the Adem-Ruan decomposition theorem [3 Theo- 
rem 5.1], which implies that ch: K{X) — > H*{IX) is an isomorphism when tensored 
with C. The statements (ii) and (iii) follow from straightforward calculations. It is 
somewhat surprising that many complicated terms finally give the Mukai pairing 
in (ii) via the Kawasaki- Riemann-Roch (fTT|) . 

Remark 2.13. The formula (fT2|) arose in [44] from the study of mirror symmetry 
for toric orbifolds. The mirror Landau- Ginzburg model has the natural integral 
structure and we can shift it to the quantum cohomology. Katzarkov-Kontsevich- 
Pantev [50] also proposed essentially the same definition (for a rational structure) 
when A" is a manifold. Closely related results have been observed in the context 
of mirror symmetry. Calculations and conjecture of Hosono [41], [42l Conjecture 
6.3] are compatible with the integral structure above; The works of Horja [551 HO] 
and Borisov-Horja 7j strongly suggest a relation between if -group and quantum 
D-module. 

Example 2.14. (i) X = P^. Let uj e H'^{¥'^,'L) be the integral Kahler class. We 
take 1, w as a basis of iJ*(P^). In terms of the cohomology framing Z^oh ■ H*{P^) = 
iS(P^) in the Galois action and the pairing on 5(P^) is represented by the 
matrices: 



1 


0' 




'271 i 


-27ri 


1 




-i 



If an integral lattice L in H*{F^) = S{P^) is invariant under G'^{uj) and if the 
restriction of (•, ■)s to L gives a perfect pairing L x L then L must take the 

following form: 



for some n e Z \ {0} and c e C. The X-theory integral structure corresponds to 
the choice n = 1 and c = —27, where 7 = 0.57721... is Euler's constant (coming 
from the f-class f{TF^) = 1 - 27tj). 

(ii) When X = X is a Calabi-Yau threefold, the F class is given by 



S{X)z ^zC = S{X). 



(ZKiVi), Zk{V2))s = x{Vi (E> V^'') 



Zk{L\ ®V) = G^ 




r(rx) = i-^c2(x)-c(3)c3(x) 



where C(3) is the special value of Riemann's zeta function. From this, it follows 
that the central charges l[T5)) of Opt, Oc, Os and O (where C, S are smooth curve 
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and surface) restricted to H^{X) are 
ZiOpt) = 1, 



z(Oc)-((i-5(C))-^n[C], 



(27ri)3-^^ ^ 27ri 24 (27ri)3' 

where r = to,2 G H'^{X), g{C) is the genus of C, and xl-'^) and xC-^*) are the Euler 
numbers of X and S". ^o(''') is the genus zero potential of X 



^ deEffx \{o} 



(i[s]Fo is its derivative in the direction of the Poincare dual of [5] and H{t) := 
2Fo{t) — J2i^^^i^o{T)- The zeta value ({3) also appeared in the quintic mirror 
calculation of Candelas-de la Ossa-Green-Parkes [Ej . 

(iii) When A" is a weak Fano compact toric orbifold, it is shown in 031 Theorem 
4.17] that the central charge of the structure sheaf can be written as an oscillating 
integral of the mirror Landau- Ginzburg model Wr : (C*)" C: 

Z{Ox){t, z) - -1- / ^-WAy)/z^^ „ = dime X. 

(271-1)" Jrsc(C*)" V 

Here dy/y is an invariant holomorphic n-form on (C*)" and Tr is a non-compact 
cycle (Lefschetz thimble) in (C*)". (Strictly speaking, we need a "mirror map" 
between r S ff^p,(A') in the left-hand side and the parameter r in the Landau- 
Ginzburg potential Wr-) This shows that the integral structure in Definition 12.111 
is compatible with (and actually the same as) that of the mirror given by the lattice 
of Lefschetz thimbles. The Lefschetz thimble Fr corresponds to the structure sheaf 
Ox and the oscillating form e~^^ / {dy / y) corresponds to the unit section 1 of the 
quantum D-module. See j331 for more details. 

(iv) The F-class contains odd zeta values C(3), C(5), • • ■ and products of Gamma 
values. When X is holomorphic symplectic, however, the F-class is defined over 
Q(C)[7r] for some root of unity C,. This might be related to the fact that there is no 
quantum correction. 

Remark 2.15. We can consider the Grothendieck group of algebraic vector bun- 
dles or coherent sheaves on X instead of topological iiT- groups. In this case, the 
if-theory integral structure is defined on the algebraic part of the orbifold coho- 
mology Hq^{X), i.e. cohomology classes on IX which can be written as linear 
combinations of Poincare duals of algebraic cycles with complex coefficients. The 
algebraic part of orbifold quantum cohomology makes sense due to the algebraic 
construction of orbifold Gromov-Witten theory 1 . A theoretical difficulty is that 
we do not know if the orbifold Poincare pairing is non-degenerate when restricted 
to the algebraic part of {X): This would be a consequence of the famous Hodge 
conjecture/ Grothendieck standard conjecture. Apart from this point, many discus- 
sions in this paper can be equally applied to algebraic i^T-theory integral structures. 

2.5. Remark on non-compact case. Even when the space X is non-compact, 
we can sometimes define the (orbifold) quantum cohomology. Non-compact local 
cases are important in the study of Ruan's conjecture. One standard way is to 
use the torus- equivariant Gromov-Witten theory. If X admits a torus action and 
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the fixed point set is compact, we can define torus-equivariant orbifold Gromov- 
Witten invariants using the Atiyah-Bott style localization on the moduli space of 
stable maps [Ml- In good cases, we can take the non-equivariant limit and have the 
non-equivariant quantum cohomology. In general, we can define Gromov-Witten 
invariants if the moduli space of stable maps to X is compact^. More generally, even 
when the moduli space may not be compact, if the evaluation map from the moduli 
space to the inertia stack IX is proper, we can define the quantum product by 
the push- forward by the evaluation map at the "last" marked point. As suggested 
in |14j . this happens for example when X is semi-projective, i.e. projective over 
an affine scheme. In this section, assuming the existence of a well-defined orbifold 
quantum cohomology for a non-compact space, we describe a possible framework 
for X-theory integral structures in this case. 

Assume that the (non-equivariant) quantum cohomology of X is well-defined. 
Quantum cohomology defines the Dubrovin connection and the quantum Z3-module 
in the same fashion as in Definition 12.31 The discrete Galois symmetry in Lemma 
I2.5l is also well-defined. A problem in non-compact case is that the orbifold Poincare 
pairing on -ff^R ('^) degenerate. However, we have a non-degenerate pairing be- 
tween Hq^{X) and the compactly supported orbifold cohomology -ff^R ci'^)^ which 
is defined to be the direct sum of compactly supported cohomology groups of the 
inertia components (with the same grading shift as before): 

(•, ■)orh ■ i/cR,c('^) X H^iii'^) C. 

This pairing defines the dual Dubrovin connection on the iJ^j^ ^ ( A')-bundle Fc := 
HhR,oW X ([/ X C) ^ t/ X C: 

V. = |- + i(0.oOt, 

d 1, 

V^a, = z- [Eor)^ + /i 

oz z 

where {(j)iO.^)\ (£0^.)^ g End{H'^^ ^{X)) are the adjoint operators with respect to 
(•,')orb- We call (i^c,V) the compactly supported quantum D-module. Note that 
the dual product (</'iOT-)'l' is defined by essentially the same formula as the original 
product: {a Or P,j)orh = (o:, {l3oT)^j)oih may be defined by the right-hand side 
of ^ with a,/? e Hq^{X) and 7 € H^j^^{X) (under the assumption that the 
evaluation map is proper). Tautologically, one has a V-flat pairing: 

{-rO{F,)<g>0{F)^Ou^c 

induced from the orbifold Poincare pairing, where recall that (— ) : U x C ~* U x C 
is the map sending (r, z) to (r, —z). One has a natural map 

(Fe,V)^(^^,V) 

induced from H^^^{X) H^^ii^)- The fundamental solution in Proposition 12.81 
also makes sense. We have two fundamental solutions L{t, z), L(t, z) taking values 
in End{HQ^^{X)) and Eiid{H^^{X)) respectively such that 

V(L(t, z)z-i'zP(p) = 0, V(i(T, z)z~^z''0) = 0, 

(L(t, -Z)(p, L{t, z)(p)orh = {(fi, (f))orh, 



However, the degree zero moduli space always has a non-compact component, so we indeed 
need that the evaluation map is proper as stated. This is particularly relevant to the orbifold case 
where degree zero moduli spaces give a lot of non-trivial Gromov-Witten invariants. 
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where S H^^^{X) and cj) G H^j^{X). Here again, L{t,z) and L{t,z) can be 
defined by the same formula ^ , with different domains of definition^ The spaces 
S{X), Sc{X) of muhi- valued flat sections of F, Fc are defined in the same way as 
in Definition 12.101 The symmetries in Lemma 12.51 act on these spaces as automor- 
phisms preserving the pairing: 

(•, ■)s : Sc{X) X S{X) ^ C, (si, S2) ^ (si(t, e^^z), S2(t, z))orb 

Likewise, the formula defines if -group framings 

where Kc{X) is the compactly supported ii'-group. (We need to use L(t, z) instead 
of L{t, z) in (|12p for the compact support version.) For example, when X is of the 
form M/G, one can define Kc{X) as the G-equivariant reduced A'-group Kq{M'^) 
of the one-point compactification M+ of M (as in [SB]). One can also use the 
Grothendieck group Kz{X) of coherent sheaves on X supported on a compact set 
Z . In non-compact case, the definition of K{X) may be subject to change e.g. we 
may need to include perfect complexes or infinite dimensional bundles c.J. [68| . We 
will not pursue a more precise formulation here. Note that we have a well-defined 
central charge Z{V) := c{z) Zk,c{V) for V E K^{X). 

Example 2.16 (c./. O Example 6.5]). (i) X = [C^/G] where G is a finite 
subgroup of SL{2, C). The inertia stack IX is given by 

IX = XU □ ^-(3), X(g) = m/G{g)] [g ^ 1), 

(9)#1 

where [g) is a conjugacy class of G, 5 G G, and G(.g) is the centralizer of 5 in G. Let 
1 be the unit class supported on X and 1(g) G Hqj^{X) be the unit class supported 
on . The grading is given by 

degl-0, degl(3)=.2 Cg^l). 

Since X is holomorphic symplectic, there is no quantum deformation and 0^. is 
trivial: lo^lj-g-) = Ij-^^ and all other products are zero. (We can get non-trivial 

quantum cohomology by considering the equivariant version.) The F-class is given 

by 

f{TX)^l® -^^^)EH\IX) 

(g)^(i) ^'""y^Js) 

where < /g < 1/2 is the rational number such that the eigenvalues of 5 € SL{2, C) 
are exp(±27ri/g). Let 1(g) (g 7^ 1) be compactly supported cohomology classes 
on A", X(^g-j such that 

(/3, l)orb = (1(g), l(g-i))orb = 1^7^ (5 7^1)- 

Here deg/3 = 4. We consider the Grothendieck group if^(C^) of G-equivariant co- 
herent sheaves on supported at the origin. A finite dimensional representation 
p of G defines a G-equivariant sheaf Oq ^ P on C^. These sheaves generate Kq^IC"^) 
and the Galois action corresponds to the tensor product by a one-dimensional rep- 
resentation. By the equivariant Koszul resolution: 



^ Here one of the dual pairs {<^fc}, in © should be taken from cf*^) ^^'^ other 

from H^j^{X). We take (/)'° £ ^'^CR c('^) wli^ii defining L(t, 2) and (p^ g ^^CR c('^) when defining 
Z(r,2). 
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where Q = is the standard G-representation defined by the inclusion G C 
SL{2,C), we compute the Chern character as 

ch(Oo ^g) = (dime)/? ® Tr(<?|e ® (C^ - Q)) 1(g) e H^ilX). 

Here Tr{g\g^ {C"^ — Q)) is the trace of g on the virtual representation ^0 (C^ — Q). 
Therefore, using L{t,z) = exp(— (ro^)'!'/^), we find 

(14) Z(Oo = e-"/^ f ^ + E ^(^^^^^i(^) 

where we put t = 1 + X^^gj^^ t^^^ 1(g). The simplest central charge is given by 
the regular representation Qreg- 

Z{Oo ^reg) = e-'°/\ 

The vector [Oq fX" grog] € Kq{C'^) is invariant under every Galois action. 

(ii) X = <C?/G where G is a finite subgroup of SL{2>,<C). This case can have a 
non-trivial (non-equivariant) quantum cohomology. The inertia stack IX is given 

by 

IX = XU □ A'(g), X(,) = [{G'y/C{g% 

(9)#(1) 

where (C^)^ C is the subspace fixed by g. The ordinary and compactly sup- 
ported orbifold cohomology are 

H*C^{IX)=C\® Cl(g), 

H*c^^,{IX)=£a® C/3(g)© Cl(g), 

{g):ng = l {g):ng=0 

where Ug = dimA'(g). Here 1(g) is the unit class supported on A'(g) and a, I3i^g) are 
top classes on X, X^^g) respectively (with rig = 1) such that 

(a, l)orb = (/3(g),l(g-l))orb = (l(g),l(g-l))orb = ' 

Note that degl(g) = 2i(g), (,(g) = 1 if Ug = 1, dega = 6 and deg/3(g) — 4. When 
rig = 1, let < /g < 1/2 be a rational number such that 1, e^'^'^^^o are the eigen- 
values of g G S'-L(3,C). When rig = 0, let < /g.i < /g_2 < /g.3 < 1 be rational 
numbers such that e^'^^^"'^ , j = 1, 2, 3, are the eigenvalues of g. Consider again the 
Grothendieck group Kq{C?) of G-equivariant coherent sheaves supported at the 
origin. A finite dimensional representation g oi G gives a class [Co ® q] ^oi^^)- 
This yields a dual flat section Zk,c{Oo ® q) = L{t, z)z~^^^{Oo g) with 4'(Oo £») 
given by 

(dime)ae (-l)^^^_,/?(g) © (-l)i+H.)S^_a(,). 

(g):ng=l {g):ng=0 

Here 

,sin(7r/g) Tr(5|£.) 



" n?=ir(i -/,,,) 

2 



The corresponding central charge restricted to Hq^{X) is 

(15) z{Oo^g) = ^+ E T^^^'^+ E ^l^o,(.-)(^)' 
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where r = t<^'^ e H^niX) and 

U^'y\C{g)\, t(3) = i, 

This follows from Z{Oo gi) = (L(r, z)^ 1, ^ g))^^^ and the formula for 
the J -function J{t, — z) = L{t, z)t 1: 



(16) Fo,(,-i)(r) = ^ 



'■(3)=2 

Again the regular representation piog gives the simplest charge 1. The F-product 
Y[j=i r(l — fg,j) in the central charge may have something to do with the Chowla- 
Selberg formula ,28] . 

3. Ruan's conjecture 

We incorporate our -theory picture into the Ruan's conjecture [511 EH] and 
discuss what follows from this. We propose the picture that a conjectural isomor- 
phism between if-theory induces an isomorphism of quantum D-modules via the 
if-group framing (|12p . 

Ruan's conjecture can be discussed in many situations. It basically asserts that 
two birational spaces Xi , A2 in a "crepant" relationship have isomorphic (orbifold) 
quantum cohomology under a suitable identification of quantum parameters. One 
of such relationships is a crepant resolution. Let X he a Gorenstein orbifold without 
generic stabilizers, i.e. the automorphism group at every point x is contained in 
SL{TxX). Then the canonical line bundle Kx of X becomes the pull-back of Kx of 
the coarse moduli space X. A resolution of singularity tt: y — > X is called crepant 
if '7T*Kx — Ky. We can regard Y and X as two different crepant resolutions of the 
same space X: 

X > X < Y. 

In this case, Ruan's conjecture for a pair {X, Y) is called the crepant resolution 
conjecture and has been studied in many literatures [TH [SSI [IH [2S1 [HI [3 [131 [12] ■ 
Ruan's conjecture have been discussed also for flops. Li-Ruan [S2] showed that the 
quantum cohomology is invariant under flops between Calabi-Yau 3-folds. Recently, 
this was generalized to the case of simple P''-flops and Mukai flops [51] in any 
dimension. The case of certain singular flops between orbifolds are also studied in 

More generally, Ruan's conjecture may hold for K -equivalences. We say that two 
smooth Deligne-Mumford stacks Xi, X2 are if-equivalent if there exist a smooth 
Deligne-Mumford stack X and a diagram of projective birational morphisms 

(17) X, X X2 

such that pIKxi — P2Kx2- The most general form of Ruan's conjecture would be 
the invariance of quantum cohomology under D -equivalences, i.e. the equivalence of 
derived categories of coherent sheaves. It is conjectured in [46^ that iiT-equivalence is 
equivalent to /^-equivalence for smooth birational varieties, but /^-equivalence does 
not imply birational equivalence in general. An interesting example is reported [5H1 
H5] where the Gromov-Witten theories of non-birational but Z?-equivalent Calabi- 
Yau 3-folds have the same mirror family and, in particular, should be equivalent. 

One striking feature in Ruan's conjecture is that we need the analyticity of the 
quantum cohomology. In the crepant resolution conjecture, the orbifold quantum 
cohomology is identifled with the expansion of the manifold quantum cohomology 
around a point where the quantum parameter q — e"^"-^ is a root of unity. In the 
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flop conjecture, two quantum cohomology are identified under the transformation 
q q~^, where q is the parameter of the exceptional curve. 

3.1. A picture of the global quantum D-module. Let Xi,X2 be a pair of 
smooth Dehgne-Mumford stacks for which Ruan's conjecture is expected to hold. 
For a complex analytic space A^, let tt : x C ^ be the projection to the first 
factor, z be the co-ordinate on the C factor and (— ):A1xC— >A^xCbe the map 
sending (r, z) to (r, — z) as before. 

Picture 3.1 (Global quantum ZJ-modules: See Figured]). There exists a global 
quantum D-module (F, V, (•, ■)f, Fi) over a global Kdhler moduli space M given by 
the following data: 

— A connected complex analytic space M.] 

— A holomorphic vector bundle F of rank N over Al x C; 

— A meromorphic flat connection V on _F (with poles along z = 0): 

dz 

V : 0{F) 0{F){M x {0}) ®o^,c {^*^m © ^aixC— ); 
— A non-degenerate, V-flat pairing (•, ■)p: 

(•,-)f: {-)*0{F)®0{F)^Om^c; 

— An integral local system (Z^-subbundle) Fi ^ y. <C* underlying the fiat 
vector bundle F\mxc* such that 

FzCKer(V), F\mxC' ^ Fj^®C, ((-)*Fz, Fz)f C Z. 

We postulate that the tuple (F, V, (•, ■)f,Fj^) satisfies the following. 

(i) There exist open subsets Vi C M, i — 1,2, such that Vi is identified with the 
base space of the quantum I?-module QDM{Xi): 

and that the restriction of (F, V, (•, ■)f) to x C is isomorphic to QDM{Xi): 

{F, V, (•, •)F)|y.xC = QDM{X,), i = l,2. 

Here Ui C HQ^{Xi) is the convergence domain of the quantum product in As- 
sumption [^H] and Ui/H'^{X,1) is the quotient by the Galois action. Moreover, 
this isomorphism matches the integral local system Fx with the A'-theory integral 
structure of QDM{Xi) in Definition [TTT] 

(ii) Assume that Xi and X2 are A'-cquivalent (fT7|) and also related by a birational 
correspondence 

(18) Xr Z X2 

such that TTi o pi — o p2. Take base points Xi e Vi. For a line bundle L 
on Z, denote by li{L) e ni{Vi,Xi) the homotopy class of a loop given by the 
class [<(£)] e H^{Xi,Z). (Recafi that Ui/H^{X,,Z).) There exists a path 

7: [0, 1] ^ from 7(0) = xi to 7(1) — X2 such that 7»(/i(i)) = hiL) for any line 
bundle L on Z. Here 7 is independent of L. 

As far as the author knows, all the concrete examples of global quantum D- 
modules arise from mirror symmetry. For example, in the case of toric flops or toric 
crepant resolutions (and complete intersections in them) , we can construct a global 
quantum £)-module using the mirror Landau- Ginzburg model and A4 is identified 
with the complex moduli space of the mirror [531 HOI HI] ■ The space of stability 
conditions on the derived category Dl^y^{Xi) due to Douglas and Bridgeland [29118] 
gives a candidate for the universal cover of Ai. Another conjectural candidate 
(though being infinitesimal) is the space of Aoo-deformations of the derived Fukaya 
category of Xi. 
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We assume the existence of a global quantum Z?- module F connecting QDM{Xi) 
and QDM{X2)- Choosing a path 7: [0, 1] ^ from a point xi e Vi to a point 
X2 G V2 , we have an analytic continuation map P~f of flat sections 

(19) P^. S{Xi) ^ S{X2) 

along the path 7 = (7, 1) : [0, 1] x C*. Here by (i), we identified the space 

of flat sections of F over Vi x C* with S{Xi). This preserves the iiT-theory integral 
structures P.y{S{Xi)z) = S{X2)z and the pairing (•, ■)$■ Then it would be natural 
to conjecture the following. 

Conjecture 3.2. For each path 7, there exists an isomorphism of K- groups 

(20) \}k,Y- K{X^)^ K{X2) 

which induces the analytic continuation map P-y in il9\) through the K -group fram- 
ing 171)) . VK,f preserves the Mukai pairing x{^k,'i{Vi)(^1]k,-i{V2Y) — x{^i^^2)- 
Note that VK,-y gives the full relationships between QDM{Xi) and QDM{X2) mod- 
ulo the problem of analytic continuation. 

We expect that the iiT-group isomorphisms \JK,-y are given by geometric cor- 
respondences such as Fourier-Mukai transformations [HI 113 • This conjecture is 
compatible with Borisov-Horja's result 7 , where they identified the if-group of 
toric Calabi-Yau orbifold with the space of solutions to the GKZ system and also 
identified the analytic continuation of GKZ solutions with the Fourier-Mukai trans- 
formations between if-groups. If the path 7 is the same as what appeared in (ii) 
of Picture [Xn we also expect that Ux,7 commutes with the actions of line bundles 
pulled back from Z, i.e. Ui<-,-y(7r^(L) (g) F) = 7r2(L) (g) VK.-yiV) for a line bundle L 
on Z. This is compatible with (ii) in Picture 13.11 and the fact that the tensor by 
TT*L on K{Xi) corresponds to the monodromy (Galois) action on S{Xi) along the 
loop li{L). 

Remark 3.3. (i) Unlike the original quantum Z?-module, the global quantum D- 
module F is not a priori trivialized in the standard way. This is an important point 
in this formulation. In fact, for the crepant resolution of C'^/Zs (or its compact- 
ification P(l,l,l,3)), F has different trivializations over Vi and V2 [31 [23]. Here 
different trivializations correspond to different Frobenius/flat structures on the base 
M. 

(ii) The flat connection can have poles along z = 0. For a local section s of F 
around z = 0, Vxs has a pole of order < 1 along z — ior X G TA4 and V^^ s has 
a pole of order < 2 along z = 0. 

(iii) The if-theory isomorphism ([^0]) depends on the choice of a path 7. It would 
be very interesting to study the global monodromy of {F, V, (•, •)f, -fz)- 

Remark 3.4. In the context of Ruan's conjecture, the picture of the global quan- 
tum ZJ-modulc has been proposed in [53], [21] in terms of the Givental formalism. 
An integral structure was incorporated in this picture in |4"j] . The structure analo- 
gous to the global quantum D-module (F, V, (•, •)f, -Fz) first emerged in singularity 
theory [63j and have been studied under various names: Frobenius manifolds [30] : 
semi-infinite Hodge structures f?; TE(R)P structures [35|, 137] : twistor structures 
[671 161j : non- commutative Hodge structures ^50J etc. 

3.2. Family of algebras: isomorphism of F-manifolds. We explain that Pic- 
ture 13.11 implies the deformation equivalence of quantum cohomology. In a local 
frame of _F, the connection operator with X G TAA can be written as 



\/x=X + -Ax{t,z). 
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The residual part Ax{t,0) = [z\7x]\z=o defines a well-defined endomorphism of 
P\mx{o}- The flatness of the connection V implies the commutativity of these 
operators (''', 0), ^^^(t, 0)] = 0. Note that on Vi C M, Ax{t,0) is identified 
with the quantum product Xo^. (Here we identify the tangent vector X with an 
element of HQ^{Xi).) We call that (-F, V) is miniversal at a point t & M. \i there 
exists a vector v £ P{t,q) such that the map 

(21) TrM^F(^,^o), X^AxiT,0)v 

is an isomorphism. This property clearly holds at r S T^^ since we can choose v 
to be the unit 1 G _ffQj^(A'). The miniversality may fail along a complex analytic 
subvariety of tU. In the sequel, by deleting such locus if necessary, we assume that 
(f, V) is miniversal everywhere on M. Then we can define the product on the 
tangent space TrA4 by the formula: 

Axo^y{t,0)v ^ Ax{t,0){Ay{t,0)v), 

where v € F{t.o) is a vector which makes the map ()2ip an isomorphism. The unit 
vector e G TrM is defined by 

Ae{T, 0)v = V. 

Then (TrM,OT, e) becomes an associative commutative ring by the commutativity 
of Ax{t,0)- This definition does not depend on the choice of v. In fact, the 
inclusion 

TrM ^ End(F(,,o)), X ^ Ax{t,0) 
becomes a homomorphism of rings. This product endows the base space Ai with 
the structure of an i^- manifold [55] , 

The i^-manifold M here admits the Euler vector field. In a local frame of F, we 
can write the connection in the z-direction as 

(22) V^a^ = zdz - ^^(t) + V(t, z), V(r, z) is regular at z = 0. 

The residual part U{t) — [z'^'S/g^]\z=Q again defines a well-defined endomorphism 
of the bundle -F|aix{o}- The flatness of V imphes that the endomorphism U{t) 
commutes with Ax{t,0) for every X G TM.. From this (and miniversality) it 
follows that there exists a unique vector field E € T{M.,TM.) such that 

U{t) ^ Ae{t,Q). 
This satisfies the axiom of the Euler vector field: 

(23) [E, Xo^Y]^ [E, X]o.,Y + Xo^ [E, F] + X Y. 

Proposition 3.5. Under the Picture \3.1[ the quantum cohomology rings of Xi and 
X2 are deformation equivalent. They underlie the same F -manifold M. with the 
Euler vector field E. 

3.3. Semi-infinite variation of Hodge structures. The deformation equiva- 
lence explained in the previous section is a rather weak relationship. The global 
quantum D-module F has much more information than just a family of algebras. 
We consider the semi-infinite variation of Hodge structures or ^VHS associated 
to F. This notion was introduced by Barannikov [5]. The information of ^VHS 
is in fact equivalent to that of the meromorphic flat connection {F, V, (•, ■)f), but 
the analogy with the ordinary Hodge theory may be clearer in this language. 

We will work over the universal cover of A^. Let H be the space of flat 
sections of F over M x C*: 

n := {s e r{M X C*,0{F)) ■ Vxs = 0, VX e TM}. 

Note that s e 7i is flat only in the direction of M and can be arbitrary in the z 
direction. This is inflnite dimensional over C. For r G Al, every section s(t, •) € 
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r({T} X C* ,F) can be uniquely extended to a fiat section over A4 x C* . Therefore 
H is isomorphic to r({T} x C*,F) and is a free C'(C*)-module of rank N, where 
0{C*) is the space of holomorphic functions on C* and N is the rank of F. The 
pairing on Ti. is defined by 

{si,S2)h (si(t,-z),S2(t,z))j. e 0{C*). 
Note that the right-hand side does not depend on r since si, S2 are flat in the Ai- 
direction. This pairing satisfies (s2, si)t-c = {—)* {si, S2)n- For r S M, the space of 
sections of F over {r} x C is naturally embedded into H (via the V-flat extension 
of sections) : 

T{{t} X C,F)^n. 

We denote by F,- the image of this embedding. Recall that the image of r({r} x 
C*, F) gives the whole space H. ¥r consists of flat sections s £ H such that s(r, •) 
is regular at z = 0. We call the semi-infinite Hodge structure. F^- is a free 0{C)- 
submodule of Ti. and can be regarded as a point on the Segal- Wilson Grassmannian 
[57| ofTi as follows: Fix an C'(C*)-basis ei, . . . ,ejv oiH. An 0(C)-basis si,. . . ,sn 
of Ft- can be written as sj — X]i!=i ^i^ijiT, z). By restricting z to lie on S^, the 
N X N matrix {cij{T,z)) defines an element of the loop group LGL{N,C). A 
change of the basis Sj changes the matrix (cy ) by the left multiplication by an 
element of the positive loop group LGL^ {N, C) (whose entries are holomorphic 
functions on C). Thus the subspace F,- is identified with an element [{cij{T, z))] of 
LGL{N,C)/LGL+{N,C) =: Gv^iH). We call the map 

the semi-infinite period map. 

Proposition 3.6 ('23', Proposition 2.9]). The semi-infinite period map t i—^ ¥r 
satisfies the following: 

X¥r C Z-^¥r, X e TrM, 

(F,,F,)„cO(C), 

{^zd^+E)¥r (l¥r, 

where we used the fact that Vzq^ acts onTi as a C-endomorphism. The first property 
is an analogue of Griffiths transversality and the second is the Hodge-Riemann 
bilinear relation. 

3.4. Opposite subspace and Frobenius manifolds. As we remarked, the global 
quantum D-module is not a priori trivialized. A good trivialization is given by the 
choice of an opposite subspace to the ^VHS. The choice of an opposite subspace 
and a dilaton shift defines a Frobenius structure on the universal cover of A4. 
The Frobenius/flat structure was discovered by K. Saito [S^ as a structure on a 
miniversal deformation of isolated hypersurface singularities and the use of opposite 
subspaces goes back to M. Saito's work [Ml in that context. Let 0{P^ \ {0}) be the 
space of holomorphic functions on \ {0}. This is contained in 0(C*). 

Definition 3.7. An opposite subspace Ti- at r G Al is a free C'(P^\{0})-submodule 
of TL such that the natural map 

(24) n-®¥r^n 

is an isomorphism. 7Y_ is said to be homogeneous if 
and isotropic if 

iH-,H-)n C z-^O{P'\{0}). 
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In terms of the loop Grassmannian LGL{N,C)/LGL^{N,C), 7i_ is opposite 
at T if Ft- lies on the "big cell": an open orbit of LGL^{N,€.). Therefore, the 
opposite property ( ()24|) is an isomorphism) is an open condition: If 7i_ is opposite 
at T, then it is opposite in a neighborhood of r. Given an opposite subspace 7i_ 
at some point, the opposite property may fail along a complex analytic subvariety 
of M. 

We explain that a homogeneous opposite subspace corresponds to an extension 
of (F, V) across z = oo such that the connection V has a logarithmic singularity 
along z — oo. 

Lemma 3.8. For a point r G Ai, the following are equivalent: 

(i) 7i_ is a homogeneous opposite subspace at r. 

(ii) 7i_ is homogeneous and one of the natural maps 

zH-fH- < zH-nWr > ¥r/z¥r 

is an isomorphism of finite dimensional C-vector spaces. 

(iii) Define an extension Fr — > {r} x of the vector bundle i^lirixC l-o {r} x 

as follows: We define a section s e r({r} x C*,-F) to be regular at z = oo if the 
image of s inTL lies in zTL-. Then the extension (i^,-, V) is a trivial vector bundle 
over ¥^ and V has a logarithmic singularity at z = oo. 

Proof, (i) (ii). The injectivity of the maps in (ii) is obvious. For [v] E zH-fH- 
with v G zTi-, write v = vq + where vq G F,- and vq G 7i-. Then vq = v — v^ G 
zH- nWr and [v] = [vq]. This shows the surjectivity of zH- OF,- ^ zH-/H-. For 
[v] G ¥r/ z¥r with V G F,-, write z~^v = V- + vq, where w_ G 7i- and vq G F,-. 
Then zv^ = v — zvq G F^ n z7Y_ and [v] =^ [zv-]. This shows the surjectivity of 

zH- ¥r/z¥r. 

(ii) (iii). Consider the extension Fr {t} x P^ in (iii). We can identify 
zH-fH- with the fiber F(^r.,oo), zH- n F^ with the global section r(P\F^) and 
Ft/zF^ with the fiber f'(r,o) • Since the maps in (ii) are induced from the restrictions, 
that one of them is an isomorphism implies that F^ is a trivial holomorphic vector 
bundle. For a local co-ordinate w = z^^ around z — oo, we have V^^a^ = — V^g^. 
Hence the homogeneity implies V^g^, (z7i_) C (zTC-), so V has a logarithmic 
singularity at w = 0. 

(iii) ^ (i) . Note that H is identified with the space of sections of Fr over {t} x C* . 
Because Fr is trivial, that (|24p is an isomorphism follows from the decomposition 

0(C*) = z-iC'(pi \ {0}) ® 0(C). 

The logarithmic singularity of V implies the homogeneity of 7i_. □ 

By the isomorphism in (ii) of Lemma l3.81 a homogeneous opposite subspace Ti.^ 
gives a local trivialization of F. In fact, since F\_^r}xC extends to a trivial vector 
bundle Fr over {t} x P-'^, we have 

(25) T{{t} X P\Fr) ^ zn-n¥r = zH-IH-. 

The finite dimensional vector space zJi-jli.- does not depend on r, so this defines 
a trivialization of F over an open subset of M.. Under this trivialization, the flat 
connection V can be written as follows: 

^x=X+-Ax{t), XeTM, 

(26) ^ 

V,a. ^zd,--lliT)+V, 
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where A{t) is an End(2;7i_/7i_)-valued 1-form, U{t) is an End(z7i_/7i_)-valued 
function, and V is a constant operator in End(z7i_/7i_). Here A{t),U{t) are 
independent of z and defined on an open subset of M. Note that U{t) = Ae{t) 
by the definition of the Euler vector field E. 

In order to have a Frobenius structure on A^, in addition to 7i_, we need to 
choose an eigenvector vq G zH-/H- of V satisfying the miniversahty conditioifl: 

(27) TrM zH-/H-, X i-> Ax{t)vo is an isomorphism. 

We call vq the dilaton shift. The isomorphism TrAi ^ zH-fH.- above defines a 
flat structure on A^. A vector field X is defined to be flat if Ax{t)vo is a constant 
element in zTL-/7i-. This flat structure is integrable. Let vq + ^^{t) be the unique 
intersection point of F^- and the affine subspace + 7i- , where S z7i_ is an 
(arbitrarily fixed) lift of wo and '(^{t) e 7i_. See Figure [51 Then the map 



is a local isomorphism and gives a flat co-ordinate system. In fact, the differential 
of this map is identified with ([?7|) . Varying r, the intersection point vq + -(/'(''■) S '^t 
gives a section sq of F which corresponds to fo € zT-C-fTC- in the trivialization (|25| . 
(Note that f)o + V'(''') G -2^^- n F^.) This section so is called a primitive section. 
In Gromov-Witten theory, the corresponding vector vq + iP{t) € H is called the 



Figure 2. J-fmiction -Oq + ^{t) and flat co-ordinates [?/'(t)] G H-Zz ^H-. 

For a flat vector field X, we have V{AxVo) — A(^a+i)x-lx.E]Vo where a is the 
eigenvalue of vq with respect to V. 

When 7i_ is isotropic, the pairing (•, •)-^ on 7i induces a symmetric bilinear C- 
valued pairing on zTi.- H F,- = zTi^/Ti.-. By pulling back this pairing on z7i_/7i^ 
to Tt-AI by the map ([17]), we obtain a C-bilinear metric TrM x T^-A^ — > C. The 
metric tensor of g is constant in the flat co-ordinates above, so the metric g is flat. 

Proposition 3.9 ( 23, Proposition 2.12]). Take an isotropic homogeneous opposite 
subspace H- and a dilaton shift vq e zH-/H- satisfying |g7| ) at some point t. 
Then the F-manifold structure (o^, e, E) in Provosition 1 3. 5\ is lifted to the Frobenius 
manifold structure {o-r, e, E, g) on the complement of a complex analytic subvariety 
in M.. These data satisfy: 

(i) the Levi-Civita connection V'^'^ of g is flat; 

(ii) {TrM., g) is a commutative Frobenius algebra; 

(iii) the pencil of flat connections V;^ = ^x*^ + ^Xor is flat; 

(iv) the unit vector field e is flat; 

(v) the Euler vector field E satisfies fS^), (y^'^)'^E = and 



M 3 T i-^ 




n 




The action of V on zH—l'H- is induced from that of V^g^ on zH.— . 
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3.5. Opposite subspaces at cusps. We regard the large radius limit point of Xi 
as a cusp of the global Kahler moduli space A4 and Vi as its neighborhood. Since 
the base space of QDM{Xi) is a quotient of a vector space, Vt is equipped with 
the standard Frobenius/flat structure as described in [54l[30]. We will show that, 
under certain conditions, the Frobenius structure (or the corresponding opposite 
subspace) of Vi can be uniquely characterized by the monodromy invariance and 
the compatibility with the Deligne extension. This means that there is a canonical 
choice of the Frobenius manifold structure at each cusp from a purely D-module the- 
oretic viewpoint. The characterization here was shown in the case X = P(l, 1, 1, 3) 
in [23]. 

Henceforth we study the global quantum _D-modulc restricted to Vi i. e. QDM{Xi). 
We omit the subscript i and write V,X for Vi.Xi etc. The open set U C H^^{X) 
in Assumption 1 2 . II is identified with the universal cover oiV U /H'^{X,X). 

Definition 3.10 (Givental space [22l[32])- The Givental symplectic space H.^ is 
defined to be a free C'(C*)-module 

:= Kc^{X) ® ©(C*), 

endowed with an C'(C*)-valued pairing (•, •)-^: 

(/(z),5(z))„ = (/(-z),.g(z))orb. 

As an infinite dimensional vector space over C, Ti'^ has the following symplectic 
form: 

(28) n{f, g) = Res,^o(/(-^), 5(^))orbrf^. 

We identify the Givental space Ti'^ with the space Ti of flat sections of QDM{X) 
over U through the fundamental solution in Proposition l2.8l 

'^n, (t>{z)^ L{t,z)(I)(z). 

This identification preserves the pairing. 

In terms of the Givental space, the semi-infinite Hodge structure F,- is identified 
with the Lagrangian subspace: 

(29) = L(r,z)-i(iJ*R(A')®C'(C)) CH-*", ret/. 
The Givental space has a standard opposite subspace H'^: 

:= z-^h*c-r{x) ® o(pi \ {0}) c n^. 

In fact, this is opposite to F,- {i.e. H"^ ® F,- = H'^) for every t & U because L(t, z) 
is regular at z = cx) and L(r, z) = id +0{z^^). 

Proposition 3.11. The standard opposite subspace Ti.^ is homogeneous and isotropic. 
This Ti.^ and the standard dilaton shift vq = 1 G zTi'^ /Ti'^ endow the base space 
V = U / H'^{X of the quantum D-module with the standard Frobenius mani- 
fold structure coming from the linear structure on U d Hq^ ('^) cind the orbifold 
Poincare pairing on TrU = HQYi{X). (See Proposition \3.9\ for the construction of 
Frobenius manifolds.) 

Proof. It follows from Proposition 12 .81 that L(r, z) satisfies the differential equation 
Vza^L(r, z)0 — L{t, z)(/i — p/ z)(j) for e Hq^{X). This shows that the action of 
^ zd^ on the Givental space is given by 

(30) Vzd.^zdz+H--^ onU^. 

Therefore the standard opposite subspace is homogeneous Vza^Ti;^ C H.'l. It is 
obvious that Ti"^ is isotropic. Because L{T,z)~-^(j) = cj) -\- 0{z~^) for (j) E H^^ii'^)^ 
we have L{t,z)^^4' G zH^ ¥r. Therefore, the constant section </> of QDM{X) 
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corresponds to (again) the constant element 4> G zH^/H^ under the trivialization 
. This means that yields exactly the given trivialization of QDM {X) . In 
particular, the connection operators Ax, l^, V in (|26p are identified with Xo^, _Eo^, 
IJ, and 1 € H^j^{X) is the eigenvector of V = of eigenvalue — dime A'/2. Now 
we only need to check that the corresponding flat metric g is the orbifold Poincare 
pairing. But this is obvious from {L{t, —z)^^(f)i, L{t, z)^^(j)2)orh ~ (f/*!, '/'2)orb- D 

The monodromy invariance of Ti.^ : We see that Ti.^ is invariant under the local 
monodromy (or Galois actions) around the large radius limit. The Galois action in 
Lemma 1^751 acts on the Givental space H"^ by G'^(i^): 

G«(0 ^ 0e"2-?o/.g2.i/„(?)^ ^ e H^{X,Z), 

where we used the decomposition = ®.^^jH*{X^) (g) 0{C*). Since 0^(0 
contains only negative powers in z, we have 

(31) G^{^)n^ c n-^. 

The Hodge structures are monodromy-equivariant: G'^{(,)¥t =¥q(^)t. The monodromy- 
invariance of corresponds to the fact that the corresponding Frobenius manifold 
structure is well-definecH on the quotient V = U/H'^{X, Z). The induced action of 
G'^(^) on zTi'^/H'^ is given by 0,ygj e^'^^-''" . Because fviO is a rational number, 
there exists a positive integer fco > such that 

(32) (G^(^))'=" =id onzn^/n^. 

This corresponds to the fact that the monodromy of the Levi-Civita connection 
V'"'^ of the flat metric g (or the monodromy of the trivialization (PS| ) becomes 
trivial on a feg-fold cover of V . In fact, one can see that the monodromy of V'^^ is 
trivial on the cover U/H'^{X, Z) — > U/H^{X, Z) = V, where X is the coarse moduli 
space of X. 

Compatibility with Deligne's extension: As we did at the end of Section 12.21 we 
can extend the quantum D-module on the cover U/ {X, Z) to a connection on 
U/H'^{X,Z) with a logarithmic pole along ■ ■ ■ — by choosing a nef basis 
Pi, . . . ,Pr of H^{X, Z)/tors. This is a Deligne extension of V for a fixed z G C*. A 
Deligne extension is given by the choice of a logarithm of the monodromy Ma := 
G^{pa) = e^^'^^P"/^ around the axis q"' = 0. In our case, we have the "standard" 
logarithm Log(Afa) = —2-K±pa/ z since Ma is unipotent. Our Deligne extension can 
be described as follows. A section s(t, z) of F over (U/H'^(X, Z)) x C* is extendible 
to U/m{X, Z) X C* if the image ir{s) € of s(t, •) e r({r} x C*,F) satisfies 
the following: the family of elements in Ti.^ 

U/H\X,Z) 3 [r] ^ rsr exp Log(A4) j Lr{s) e n"" 

extends holomorphically to C//i?^(X, Z), where we put r — to,2 + t' as in ([3|) 
and To, 2 = SI=iPalog'?'^- Note that Sr is single-valued on U/H^{X,Z) since 
the exponential factor offsets the monodromy. Moreover, the limit of s(t, z) at 
q = r' = is regular at z = if Sr|g=r'=o lies in the limiting Hodge structure Fiii„: 

Fiim lim exp ( V Log(M,) ) F,, 



^More precisely, we also need the fact that the vector 1 G zH/^ j'H'^ is invariant under the 
Galois action. 
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where we put t = logg"^ + r' as in By using (|29p and the definition 

(IHl) of i(r, z), one can check that exists and 

(33) Fn,„ - H^niX) ® 0{C) c 7^-^. 

The existence of Fum is an analogue of the nilpotent orbit theorem in quantum 
cohomology. This means that the Hodge structure F^ is approximated by the 
nilpotent orbit e" ^»=i ^"sg'' Log(M„)/(27ri)]pj.^^ ^/ ^ q rj.^^ standard opposite 

subspace is opposite to Fum: 

(34) H^®¥iin,=n^- 

This corresponds to the fact that the trivialization induced from Ti,'^ is compatible 
with the Deligne extension at g = 0, i.e. a section which is constant in the trivial- 
ization ([25|l is extendible across g = in the Deligne extension. Note that this is a 
stronger condition than that H- is opposite to F,- for every t & U. 
For a multiplicative character a: ff^(A',Z) ^ C*, we put 

T„ := {t; e T ; exp(27ri/„(0) = aiO^C & H\X,Z)}. 

Because e^'^^'" = «([— X/f]) for v G Tq, the age Ly for u e Tq have the common 
fractional part for each a. Consider the following two conditions. 

(35) Va, 3n„ G Q such that \/v G Tq (n„ + 2i„ = or + 1). 

(36) = 0, v 7^ =^ 3C G i/2(A', Z) such that /„(0 > 0. 

Here dimcA'„. The first condition is a rather weaker version of the Hard 

Lefschetz condition we will see lateiQ. (There we have n„ + 2i„ = dime for all v.) 
When (f55| is satisfied, we put 

(37) Ja,j = {v G Tq ; rt„ + 2t„ = + j}, = Jafi U Tq,i. 

Example 3.12. If X is isomorphic to a quotient [M/G] of a manifold M by an 
abelian Lie group G as a topological orbifold, the conditions ((55)) are satisfied 
since every consists of one element. In fact, there are sufficiently many line 
bundles on [M/G] arising from characters of G which "separate" different inertia 
components. In particular, these hold for toric orbifolds. 

Theorem 3.13. Assume that the coarse moduli space X of X is projective. The 
standard opposite subspace 7i_ = Ti,^ and the standard dilaton shift vq — 1. are 
characterized as follows. 

(i) Under the condition \35]) . there exists a unique homogeneous opposite sub- 
space satisfying the monodromy invariance i31\) . and the compatibility with the 
Deligne extension {34^ . 

(a) Under the condition Ii36\) . there exists a unique vector vq G zTC'^/TC'^ (up to 
a scalar multiple) such that vq is an eigenvector of = V — zdA '^f smallest 
eigenvalue — dimc<%'/2 and invariant under every Galois action on zTi,^ /Ti,'^ . 

Thus under i35\) and 1136]) . the above conditions determine a canonical Frobenius 
structure at the cusp up to a constant multiple of the flat metric. 

Proof. Let H- C Ti.'^ be any homogeneous opposite subspace satisfying ipTj). ((5^ 
and (|34p . We decompose the Galois action as 

G«(0 =e-2-i?oA„GS^(^)^ G5'(0 = 0e2-i/"(«). 

Claim: TC- satisfies the following: 

^Q-H-CH-, G^ {CjU- c U- , {zd, + m)7^_ c H- . 

^ The condition II35I I says that Va = H*~'^'-^ (Xy) is bicentric HL in the sense of 

Definition |3^ See also Remark [321] 
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Take a sufficiently big ko > such that {Gl^{£,))''° = id and JSH) hold. Then 
(G'^(O)'"' = e"'=o^''^«o/z preserves Ti- and acts trivially on zH-/U-. Then 
Log((G^(^))'^'') = — /co27ri^o/-z sends z'H- to This implies the first equa- 

tion. The second equation follows from GS^(C) = e^''^^"/'' o G'^(^) and ([H]) . 
The third equation follows from V zd^T^- C 7i-, the formula ([30|l for Vzo^ and 
{p/z)n- C pH- CH-. 

The third equation in the claim means that 7i_ is homogeneous with respect to 
the usual grading on H^Yii^) together with degz = 2. The opposite property 
and the formula (|33p for Fiim imply that 

(38) zH- n Fii,„ = Fii„,/zFii„, = i/^R (A") . 

Since zdz + /i preserves z7i_ H Fii,„, this is an isomorphism of graded vector spaces. 
Also G^{£,) preserves zH- HFiim and is equivariant with respect to the action 
of {£,) . Therefore (|38|) is decomposed into the sum of simultaneous eigenspaces 
of the commuting operators G^(i^). Recall that the condition (l35|) gives the de- 
composition ([57)1 . Take a multiplicative character a: H'^{X,Z) — > C* and set 

v^,j= H*-^'^'{x,), J = 0,1, ya = K.,o©K.,i. 

Then Va is the simultaneous eigenspace of Gj^(^) of eigenvalue a. By for a 
homogeneous element (/) S V^j , there exists a unique lift G n Fum such that 

4>^(l) + 0{z), deg0 = deg0, G y„ (8)0(0*). 

By the Claim above, the i7^(A')-action also preserves zH- D Fii,„. Therefore we 
have w • = w • for a Kahler class oj. Because X is Kahler, the cohomology 
ring H*(Xy) of every inertia component has the Hard Lefschetz property. Hence 
under the condition (|35p . the following holds with respect to the grading of the 
Chen-Ruan cohomology H^j^ {X). 

(39) Lo' : ^ Vaj^^^' isomorphism j = 0, 1. 
We also have the Lefschetz decomposition of Va.j'- 

k>0 i=0 

where = Kcr(w'=+i : V^]']^^^'' -> ^^^=+^+^+2) jg the primitive part. By 

the property uj ■ cj) = ■ 4>, we only need to know ^ for G PV^j^^ ^ . For 
G Py„"°+^"'', we can put 

0=0+ Z(t>i + z'^(j)2 H . 

where 0, G v;"°+^"'=~2»^ ^hen = lI/^ = Ei>i ^'^''^Vi- This implies 
w'^+V^ = 0. Note that 0, G y^^^-C^+^^'J) © y^^.+i-r^+a^+i-j)^ ^hen the Hard 
Lefschetz for Vq_* implies 0^ = and so = 0. By the Lefschetz decompo- 
sition, we have = for every G Vqj-. Therefore z7i_ n Fii,„ = Hq^{X) and 
= H^^{X) (S) 0(P^ \ {0}). 
It is easy to show the characterization of vq. When is replaced with Auq for 
some A G C, the flat metric g is multiplied by A^. □ 

Remark 3.14. The limiting Hodge structure Fiim depends on the choice of co- 
ordinates 9^, . . . , g'' on U/H'^{X, Z). Another co-ordinate system g° := c'^q'^ exp{Fa{q)) 
withFa(O) = OchangesFiim by the multiplication by exp(^^ log Log(Ma)/(27ri)). 



RUAN'S CONJECTURE AND INTEGRAL STRUCTURES 



27 



Under the monodromy invariance (PT|) for 7i_, H- being opposite to Fum ((M)) is 
independent of the choice of a co-ordinate system since Log{Ma) preserves 

Remark 3.15. We can normalize the dilaton shift vq G zH-fH- using the integral 
structure Fz- The dilaton shift vq defines a primitive section sq of the quantum 
D-module via the trivialization (pS)) . Under the condition there exists a one- 
dimensional subspace CAq of the space S{X) of flat sections which is invariant 
under every Galois action and contained in the image of (id— G'^(^))" for some 
unipotent operator G^{^) with the maximum unipotency n = dime A". (This can 
be seen from the cohomology framing. Sec (fTOll .) An integral generator Ao of this 
subspace is determined up to sign: In fact, this is given by the structure sheaf 
of a non-stacky point Aq = ±Zx(Cpt)- The choice i^o = ± 1 corresponds to the 
normalization (so,^o)-F ^ (27ri)"/(27rz)~ in the large radius limit. 

3.6. Symplectic transformation between Givental spaces. Here we see that 
Picture gives rise to a symplectic transformation U between the Givental spaces 
H'^^ and H'^^ . The transformation U was introduced in [23] to describe relationships 
between the genus zero Gromov-Witten theories of Xi and X2. As we have seen, the 
genus zero theory defines a semi-infinite variation of Hodge structures F^' C H'^' 
in the Givental spaces. We shall see in gT]) that they match under U: UFfi = 
This implies that Givental's Lagrangian cones Ci C H'^' [12] swept by the semi- 
infinite subspaces z¥^^ are mapped to each other under U: 

VCi = £2, where := [j zF:^' C H^^ . 

T 

The Lagrangian cone Ci C Ti,'^' can be also described as the graph of the genus 
zero descendant potential of Xi |22| and encodes all the information on genus zero 
Gromov-Witten theory. In the literature [531 [211 [H] ) the crepant resolution con- 
jecture was formulated in this way and verified in several examples. See these 
references for more details and examples of U. 

Take a path 7: [0,1] M connecting two cusp neighborhoods Vi, ¥2- Then 
we have the analytic continuation map P-^: S{Xi) — > S{X2) along the path 
7 = (7, 1) : [0,1] ^ M X C* . Through the cohomology framing Zcoh ® , the Pj 
induces the following isomorphism: 

(40) Ucoh : HcniXi) ^ H*cj^{X2), Ucoh = Z-J^P^Zeoh- 

Recall that the Givental space H"^' is identified with the space of (multi-valued) 
sections of F over Vi x C* which are flat in the Vi direction. Therefore, the analytic 
continuation along 7 also induces the map between the Givental spaces: 

(41) v-.n^'-^n^^ 

The map U is an C'(C*)-linear isomorphism preserving the pairing {■,-)h on the 
Givental spaces. In particular, U is a symplectic transformation with respect to the 
symplectic form (j^S]) . Recall that the cohomology framing identifies (j) € H^^{Xi) 
with a flat section L{t, z)z~'^' z^^cj) of QDM{Xi). Also recall that 0(z) in the Given- 
tal space Ti"^ corresponds to the flat section L{t, z)(j>{z). Therefore, one has the 
commutative diagram involving "multi-valued" Givental spaces: 

H^j^iXi) > ^cr('^) 

(42) ^-^'Izflj Z-^2 2P2| 

where pi = ci{Xi) and /i^ is the Hodge grading operator of X^. 
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For a rational number / G [0, 1), we set 

(43) H6n{X)f:^ H*-^^^{X,)=E H^cni^). 

{^.)=f {p/2)=f 
Here is the fractional part of Ly. Correspondingly, we set 

We list basic properties of Ucoh and U, some of which already appeared in [23l [21] ■ 
We will use these later. 

Lemma 3.16. Under Picture \3.1\ the analytic continuation maps Ucoh and\] given 
in {4U^ , {41^ satisfy the following: 

(44) UcohPl = P2Ucoh, Upi = P2U, 

(45) ^,,^H*c^{x,)f = H*c^{X2)f. mf^nf, 

(46) U - z-^^Ucoh^'^S 

(47) teM. 

Here the F:^' C Ti.'^' ^ Ti. is the semi-infinite Hodge structure i29\) at t E Ai 
considered as a subspace of the Givental space. The equation |46p shows that U 
is degree-preserving, where the grading on Ti.'^ is given by the usual grading on 
H^^{X) and degz = 2. 

Assume that Xi and X2 are K-equivalent and related by the diagrams | !il8\} 
such that TTi opx ~ tt2°P2- Let 7 be the path in (ii) of Picture \3.1\ Then for a class 
a e H^{Z,C), 

(48) Ucoh « a) = (7r»Ucoh, U(7ri*«) = {TT*a)V. 

Proof. The analytic continuation along 7 = (7,1) must be equivariant under the 
monodromy in z g C*. A simple calculation shows that the monodromy in z acts 
on Six,) ^ H^^iX,) by 

(49) M, = (-l)"e-2'^^P. e^^^"", n = dimA-,, 

f GTi 

where T; is the index set of the inertia component of Xi. Then M2Ucoh = UcohAfi- 
Taking a sufficiently high powers of Mi, we have e~''°'^'"^P^l]coh = Vcohe~''°^'"^''^ . 
This shows the first equation of (j44|) . Therefore we also have Ucoh ®„gTi e^'^^'" = 
©i,gT2 ^^'^^'"Ucoh- This shows the first equation of Since Ucoh commutes with 
Pi, z^^'s in the commutative diagram (H^ cancel each other. This shows (01]) and 
in turn shows the second equations of ([H]) , . The equation (|^7| is a tautological 
relation since F^^ and F^^ arise from the same subspace F^ of 7Y. 

When Xi and X2 are related by the birational correspondences pT|) . p^ . the 
analytic continuation Pj is equivariant under the monodromy (Galois) action com- 
ing from a line bundle L on Z. By the formula pop of the Galois action in terms 
of Zcoh, we have Ucohe-^'^^'^i'^i^'^) ^ e-^''^<''^'^^^Vcoh and (gHl) follows. □ 

3.7. Hard Lefschetz condition. We have seen under Picture [Ql that quantum 
cohomology of Xi and X2 underlies the same F-manifold Ai (Proposition 13. Sp and 
that the i^-manifold structure can be (canonically) lifted over Vi to a Frobenius 
manifold structure by the opposite subspace Ti.^^ (Propositions 13.91 and Theorem 
I3.13P . Since a Frobenius structure is well-defined over the complement of an analytic 
subvariety of A^, we can compare the two Frobenius structures arising from different 
cusps Vi,V2. However, there are some examples where they do not necessarily 



®This equality holds since we ignore cohomology classes of odd parity. 
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coincide [51 123j. The Hard Lefschetz condition introduced in [231 114] is a criterion 
for the two Frobenius structures to match. The point is that the monodromy 
action coming from Unc bundles on Z uniquely fixes opposite subspaces under this 
condition. 

In this section, we consider the case where Xi and X2 are -ftT-equivalent P7)) and 
related by the birational correspondence: 

Xi > Z < X2 

such that TTl O J)]^ = 772 ° P2- 

Definition 3.17. Assume that HQ^{Xi) is graded by integers. We say that 
■ni'. Xi —t Z satisfies the Hard Lefschetz condition if the map 

{i,*u^zf:HZ^^{X,)^HZ+''{X,) 

is an isomorphism for a class loz of an ample line bundle on Z . 

Remark 3.18. In the context of crepant resolution conjecture, one can take Xi = 
X , Z to be the coarse moduli space X oi X and X2 to be a crepant resolution Y of 
X. The Hard Lefschetz condition was originally discussed in [531 [H] for the natural 
map X ^ X. As was observed in [3T], the Hard Lefschetz condition for X X is 
equivalent to 

This definition applies to the case where X is non-compact. It is important to 
consider non-compact cases, but unfortunately, the discussion in this section does 
not apply to a non-compact X . 

Remark 3.19. Cataldo-Migliorini [T7] showed that when = F is a smooth 
projective variety, n: Y Z satisfies the Hard Lefschetz condition if and only 
if TT is semismall. Here a proper morphism tt : y Z is said to be semismall if 
dimZ*-' + 2k< dimF, where Z^ ^ {z e Z ; dim7r"i(z) = k}. 

We will consider a generalization of the Hard Lefschetz condition, where we do 
not assume the integer grading and also include the "bicentric" case. 

Definition 3.20. (i) We say that a pair {V,uj) of a Q-graded complex vector space 
V and a nilpotent endomorphism uj € End(l^) of degree 2 is bicentric HL if there 
exists a rational number n G Q and a graded decomposition V = Vo(BVi such that 
VP = unless p e n -I- Z and 

. yn+j-k _^ yn+j+k isomorphism for j = 0, 1 and all fc > 0. 

We call the set {n, n + 1} the hicenter. Note that this definition contains the 
"mono-centric" case where Vq or Vi vanishes. 

(ii) We say that a proper morphism n: X —t Z satisfies the generalized Hard Lef- 
schetz condition if for every rational number / G [0,1), the pair {HQ^{X)f,T:*ujz) 
is bicentric HL, where H^^ {X)f is the graded subspace of H^^ {X) defined in (03]) 
and uJz is a class of an ample line bundle on Z. 

Remark 3.21. When tt is the natural map X X to the coarse moduli, the 
generalized Hard Lefschetz condition for tt reads as follows: For every rational 
number / £ [0, 1), there exists Uf £ Q such that 

('-tj) = ./ =^ dime '^v + 2tt, = rif or + 1. 
Here {n/,n/ + 1} is the bicenter of {H^^{X)f,ujx)- 
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Theorem 3.22. Let Xi, X2 be K -equivalent smooth Deligne-Mumford stacks related 
by the diagrams |i7p , il8\) such that p\Kx^ ~ P2KX2 o-nd tti o = 7^2 ° P2- As- 
sume that TTi: Xi Z satisfies the (generalized) Hard Lefschetz condition. Under 
Picture \3. 1\ the standard opposite subspaces Ti"^^ , Ti.^^ coincide under the analytic 
continuation along the path 7 in (ii) ofPicture\EM i-e- U(H:*') = Moreover, 

(i) If Xi or X2 does not have generic stabilizers, the Frobenius manifold struc- 
tures on M. coming from the quantum cohomology of Xi and X2 coincide up to a 
scalar multiple of the flat metric though the analytic continuation along 7. 

(ii) There is a graded isomorphism (H^-^{Xi),t:Iujz) = (if^p (A'2), ttJoj^) pre- 
serving the actions of ujz ■ In particular, 1x2'- X2 ^ Z also satisfies the (generalized) 
Hard Lefschetz condition. 

This theorem is a generahzation of a result in 23J . We use the fohowing lemma 
in the proof. 

Lemma 3.23. Let Vi, i = 1,2 be Q-graded vector spaces and LOi G End(yi) be 
nilpotent endomorphisms of degree two. Assume that Vi and V2 are isomorphic as 
graded vector spaces and that there exists a (not necessarily graded) linear isomor- 
phism U: Vi — > V2 such that UcJi ~ UJ2V. If {Vi,uji) is bicentric HL, then there 
exists a (not canonical) graded isomorphism ip: Vi ^ V2 such that ipuji = LU2ip. In 
particular, (^2,(^2) is also bicentric HL. 

Proof. Let F be a Q-graded vector space and a; be a nilpotent operator on V of 
degree 2. Let ai > 02 > • • • > a; be lengths of the Jordan cells appearing in the 
Jordan normal form of cu. Then we can take a basis of V of the form 

(50) {uj''(t)j ; l<j<l, <k < flj}, ai > 02 > • • • > a; 

such that LLj°'^^^(t)j — 0. Here we can assume that is homogeneous. Set deg^j = 
—Oj + \j for some Xj G Q. By rearranging the basis, we can assume that Xj > Aj+i 
if Oj — Oj+i. The sequence {{oj, Xj)}j>i is uniquely determined by (V, w) and we 
call it the type of {V,u). It suffices to show that {Vi,uji), i — 1,2 have the same 
type. Let Aj*'')}j>i be the type of {Vi,uji). Since uji and uj2 are conjugate, 

we have Oj :— aj^"* — a'^p . Because {Vi,uji) is bicentric HL, there exists n € Q such 

that A^^' = n or n + 1 for all j . Then the degree spectrum of Vi is contained in 
[— oi + oi + n + 1]. Since Vi and V2 are isomorphic as graded vector spaces, we 
know that [—Oj + X^ , Oj + ] C [— oi + n, ai + n + 1]. Therefore, X^ — n or 
ri + 1 if Oj = ai. Take fc > such that ai = ■ ■ ■ = > flfc+i. We calculate 

dim V^f + dim "^+" = k 

dim 1/2"'^"^^ + dimT/2""i+" = k + ^{j > k ; -a^ + xf'' = -ai + n} 

+ i{j > k; aj + Xf^ =ai+n+ 1}. 
(2) (2) 

Since these are equal, we have [—aj + A^ , Oj +Xj ] C (— ai +n, oi +n + 1) if j > k. 
Therefore, 

< k ; Af ^ = n + 1} = dimV^^'+''+^ = dim ^^3"'^"^' 
= tt{j<fc; Af =n+l}. 

Hence A^^' = A^^-* for j < k. This shows that {Vi,uJi) and (¥2,1^2) contains an 

isomorphic graded subspace (¥',10') of the type {(oj, A^^'')}i<j<A;. By taking the 
quotient by this subspace, one can proceed by the induction on dimensions. □ 
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Proof of Theorem \3. 2S[ Take a path 7: [0, 1] — > tW satisfying the condition (ii) of 
Picture 13.11 The analytic continuation map ([TO]) along the path 7 = (7, 1) 
induces maps Ucoh ([40|) and U ((4T|) . Recall that Ucoh splits into isomorphisms 
Ucohj: H*cK{^i)f H*cK{^2)f for each / e [0, 1) by gS]). By we have 

(51) Ucoh,/(7riWz) = (7r2c^z)Ucohj- 

for an ample class ivz on Z . On the other hand, by the theorem of Lupercio-Poddar 
[55] and Yasuda [MllTDj, Hq^{Xi) and Hq^{X2) are isomorphic as graded vector 
spaces when Xi and X2 are i^T-equivalent. Thus iJ^RC-^i)/ and HQ^{X2)f are also 
isomorphic as graded vector spaces. By Lemma 13.231 and (j5ip . we know that there 
is a graded isomorphism 

and (7Jqp^(A'2)/, TTjCj^) is also bicentric HL. 

In general, a nilpotent operator a; on a vector space V defines a unique (in- 
creasing) weight filtration Wi{V) of V such that ujWi{V) C Wi-2{V) and that 
w*: Gi^iV) Gr^iV) is an isomorphism. Here Grf (F) = W,(F)/Vr,_i(l/). 
When F is a graded vector space, w is of degree two and {V, uj) is bicentric HL with 
a graded decomposition V = Vq (B Vi and a bicenter {n, n + 1} (as in Definition 
I3.20p , the weight filtration of V is given by 

Wk{v) - t/q^""'^ e 1/1^"+'"': 

Consider the case {V,uj) — {H^^{Xi) f,TT*uJz)- Since the isomorphism Ucoh,/ pre- 
serves the weight filtration (by fST]) ) and {H^^iiXi) f ,n*uJz) is bicentric HL, we 
have 

(52) Ucoh,/(i/gH(A'i)/) C H^r'i'^2)f. 

When (p g Hq^{Xi), this together with the formula ([^5]) implies that U0 cannot 
contain positive powers in z. Therefore a matrix representation U{z) of U with 
respect to a basis of H^^(Xi) does not contain positive powers in z. Since U 
preserves the pairing (•, ■)t-c, the same is true for the inverse U{z)^^ which is the 
adjoint of U{~z) with respect to the Poincare pairing. Thus we have UH^i c H^' 
and U-^H^" C Hence VH'^' = 

Now we assume Xi does not have generic stabilizers. Let 7Y_ C 7i be the common 
opposite subspace. Then the dilaton shift vq G z7i_/7i_ is characterized up to a 
constant by the condition that vq is an eigenvector of V zd^ on zH-fH- of the 
smallest eigenvalue. This shows (i). The rest of the statements follows from what 
we already showed. □ 

Remark 3.24. We used the theorem of Lupercio-Poddar and Yasuda [331[5ni[7D] in 
the proof. However, as '55] did, we can deduce the graded isomorphism H^^ii^i) — 
from Picture l3.ll and certain additional assumptions. For example, we 
can show this under the assumption that 7i5^ is opposite to the limiting Hodge 
structure Fjf^ at the cusp ofVi, i.e. Vi^y.^J (BH'^^ = H'^^. This assumption was 
conjectured to hold for a general crepant resolution X2 = Y ^ X ^ Xi in [21]. 
Interestingly, under the generalized Hard Lefschetz condition, this assumption is a 
consequence of Picture 13.11 

By Theorem 13.221 and Cataldo-Migliorini's theorem [T7] (see Remark l3.19p . Pic- 
ture [511] has the following interesting consequences: 

• Let X he a Gorenstein orbifold and Y ^ X he a crepant resolution. Then 
X satisfies the Hard Lefschetz condition if and only if y ^ X is scmismall. 
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• Let Xi and X2 be X-equivalent smooth projective varieties related by the 
diagrams ()17|) . psp with tti o pi — o p2. Then Xi ^ Z is semismall if 
and only if X2 Z is semismall. 

The author learned from Tom Coates that the first statement has been conjectured 
by Jim Bryan llOj. 

3.8. Integral periods (Central charges). Up to now, we have not used the 
integral structure of the global quantum ZJ-module. In this section, we will 
see that the integral structure defines an integral co-ordinate — integral period — 
on the global Kahler moduh space. This is called a central charge (see (IT^ ) in 
physics. For example, using this, we can give a "reason" why the specialization 
value of quantum parameters should be a root of unity in the crepant resolution 
conjecture [44]. In this section, we restrict our attention to the case of crepant 
resolution Xi = X ^ X ^ Y ~ X2. Also we assume that Y and X are Calabi-Yau. 
The case where ci{X) is semi-positive can be discussed in a similar way by using 
the conformal Zimjqj introduced in |44| . See |44| for semi-positive case. 

Let A" be a Calabi-Yau Gorenstein orbifold of dimension n and ti:Y~^X 
be a crepant resolution of the coarse moduli space X. Note that the Gorenstein 
assumption implies that Hq^{X) is graded by even integers. In Calabi-Yau case, 
the base space of the quantum £)-module has a distinguished locus where the Euler 
vector field E vanishes. By the formula ®, this is exactly the small (orbifold) 
quantum cohomology locus Hq^{X) or H^{Y). Recall that the Euler vector field 
is globally defined on M by Section 13.21 

Assumption 3.25. The locus M.^ C M. where the Euler vector field vanishes is 
connected. Also the path 7: [0, 1] ^ in (ii) of Picture \3.1\ can be chosen so that 
it is contained in Mq. 

In Calabi-Yau case (p = 0), the situation is greatly simplified. The monodromy in 
2; e C* is almost trivial and given by (—1)" by fi^ . Over the locus Mo, the global 
quantum Z?-module gives rise to a finite dimensional variation of Hodge structures 
(VHS). The finite dimensional VHS arises from the filtration of flat sections by 
the pole/zero orders at z = 0. The space <S of multi- valued V-flat sections of F 
is single-valued in w = z^/^ since the monodromy in z is ±1. Moreover, over the 
locus A^o, the fiat connection V has a logarithmic pole at z = since U = Ae{t, 0) 
in is zero. Therefore, a V-fiat section s(t, z) E S is at most meromorphic at 
w — z^l"^ = 0. This introduces the decreasing filtration S = F^{S) D F^{S) D 
■■■D F^{S)^OioTT€Ma■■ 
FP{S) ^ {s e S ; z^^Psir, z) is regular at z = 0}. 

Note that the factor cancels with the monodromy of s(t, z) in z. On the neigh- 
borhoods Vi,V2 of cusps, S is identified with S{X),S{Y) and FP{S) can be de- 
scribed as follows. Because E ^ on Aio, V^g^ = zdz + fJ. for quantum _D-modules 
and we have 

^Ue S{X) ■ s{t, z) = z-^0, 30 e H^l-~^^{X)} 

= {s e S{Y) ■ s(r, z) = z-'>, 3(f> e H^^"-^p{Y)} 

on ViOAio and VJ^nA^o respectively. The usual Grifliths transversality and Hodge- 
Riemann bilinear relation hold for F^{S): 

dFP{S) c Fr\S) ® nl,^, (FP(5), f;-p+1(5))5 - 0. 

'^This is very close to Y. Ruan's quantum corrected cohomology ring of Y which has the 
quantum correction only from the exceptional locus (60] ; In the abstract Hodge theory, this is also 
known as a graded quotient by the Sabbah filtration | 62l I37| . 
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Here the pairing (•, ■)s is defined in the same way as in the case of quantum D- 
modules (see Definition I2.10p . The ^VHS F,- at r G A^o can be recovered from 
FP{S) as follows: 

= (z-ti^;»(5) + z-^+^F^'~\S) + ■■■ + z^F°{S)) ® 0{C). 

We introduce an integral period on Mq corresponding to an element of Si, i.e. 
a section of the integral local system F^. This coincides with the central charge 
introduced in ()13p for quantum D-modules. Recall that the analytic continuation 
map S{X) ~ 5 = S(Y) along the path 7 in Picture l3.ll is equivariant under the 
Galois action of line bundles of the coarse moduli space X. Take an ample line 
bundle L on X and consider the corresponding Galois action M — G'^{[L]) on S. 

Lemma 3.26. (i) F^{S) d S is a one dimensional subspace for a generic r G A^o- 
(ii) There exists a unique (up to sign) integral vector Aq S Sz contained in the 
image of (Log(M) - 1)". Under the K-group framing (f^ Zk: K{X) S{X) 
(or K(Y) SiY)), Aq is identified with the structure sheaf of a non-stacky point 
Ao = ±ZK(Opt). 

Proof. Since dimi*"" is upper semi-continuous, (i) follows from the description (j53p 
of FJ^{S) near the cusps. The operator M corresponds to the unipotent operator 
g-2Trici(L) H^^i^X) through the cohomology framing ([5]), thus Im(Log(M) — 
1)" = Imci(L)" = H^^{X) is one-dimensional. This contains an integral vector 

ZKiOpt). □ 

By Lemma 13.261 the following definition makes sense. 

Definition 3.27. Let ^ C* = C* be the double cover of the z-plane with a 
co-ordinate w = 2;^/^. Take a fiat section Aq £ Si in Lemma 13.261 A normalized 
primitive section is a section sq G V{Aia x C^,F) satisfying 

• For every r e AIq, so{t,z) is the restriction of an element of F^{S) to 

M X c;. 

. {So{T,e-^z),AoiT,z))F = 1. 
This So is unique up to sign. An integral period Ha associated to A £ Sz is the 
function on A4o defined by 

(54) nA(r) (So(t, e^^z), ^(r, z))f, t e Mo- 

We compute the normalized primitive section and integral periods for the quan- 
tum D- modules of X and Y. Using the fundamental solution L(t, z) in Proposition 
12.81 we define the J -function by 

J(r,-z) :=L(T,z)tl, 

where L(t, z)^ is the adjoint with respect to the Poincare pairing. The J-function 
has the following expression: 



J(r,-z) = e-^"'^/" 1 - - + 



d=0=>m>2 

Here t = ro,2 + t' is the decomposition in (This can be derived from ^ and 
the String equation.) When X is Calabi-Yau and r S Hq^{X), the J-fmiction is 
homogeneous of degree zero and is of the form 

z 



(55) j(^r,-z)^l-- + J2^, a,ir) e H'c'^iX). 



k>2 
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Proposition 3.28. (In this proposition, X can he Y .) The normalized primitive 
section of the quantum D-module is given by 

(27rz)t 

Therefore, the integral period Ha {54-^ associated to an integral flat section A = 
2^KiV), V G K{X) equals the central charge Z{V) fil3\) . This is a component of 
the J -function: 

Ha = Z{V) = (27r)-ti-"(j(r, -1), vl/(F))orb, r e HI^{X), 
where '^{V) was defined in and J{t, —z) is the J -function. 

Proof. By ([55]) . sq satisfies ttie first condition in Definition 13.271 From = 
ZxiOpt) = L(T,z)((27ri)"/(27rz)t)[pt] and the formula ^ for tlie J-function, 
the second condition follows. The rest of the statements just follows from the 
definition ^ of 11 a with the formulas (dH), ^ and fi^ = -fi. □ 

Remark 3.29. The above calculation shows that the "normalized" primitive sec- 
tion is (up to a function in z) nothing but the primitive section sq = 1 associated to 
the standard opposite subspace and dilaton shift (see Section (33). The existence of 
a canonical (normalized) primitive section along the locus A^o does not mean that 
the Frobenius manifold structures of X and Y are the same. In fact, the primitive 
sections sq of X and Y may differ outside the locus Mq C M. 

Corollary 3.30. Under the Picture \S.l\ and Conjecture \S.'A the central charges of 
the corresponding K -group elements define the same function (up to sign) on Ai^: 

Z^(y) = ±Z^(U^i(^)), V^K{Y), 

where Z'^ and Z^ are the central charges of X and Y respectively and V>k = 
Uif^^ : K{X) = K(Y) is the isomorphism in Conjecture \3.'A The sign ± depends 
on the sign o/Uif(C'pt) = ±Opt (conjecturally plus). 

It is interesting to study what integral periods are affine linear functions on 
H^^{X) or H'^{Y). For example, there exists an affine co-ordinate system on 
■f^^('^)ffi0codimA'„=2^°('^-") C Hl.^{X) or on H'^{Y) consisting of integral periods 
[44|, Proposition 6.3]. If we have a stratum X^ of codimension > 3 with i„ = 1, the 
corresponding linear projection Hqy{ {'^) — > H^{Xy) = C may not be written as an 
affine linear combination of integral periods. Also, an affine linear integral period 
on H'^iY) may not correspond to an affine linear integral period on H^^{X). In 
the next section, we will examine some local examples. 

3.9. Local examples. We consider the crepant resolution conjecture for X = 
[C"/G] where G C SL{n, C) is a finite subgroup and n = 2 or 3. A standard 
crepant resolution of AT = C^/G is given by the G-Hilbert scheme [9]: 

tt:Y:= G-Hilb(C") X = C"/G. 

Moreover, an equivalence of derived categories D{Y) ^ D{X) := _D'^(C") is given 
by the Fourier-Mukai transformation $: D{Y) — > D{X) [9\: 

<P^Rq^op*, Y ^ — Z — C". 

where Z d Y x C" is the universal subscheme and p and q are natural projections. 
It would be natural to conjecture that our AT-group isomorphism Ua' comes from 
this derived equivalence: 

: KEiY) = K^iCn, [V] ^ [Rq.ip*V)], 

where E — tt^^ (0) C Y is the exceptional set. Recall that we need to use compactly 
supported AT- groups in order to get well-defined central charges. For a rational 
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curve = C C -E in the exceptional set, the central charge of the class [OcC^l)] G 
KsiY) is given by (c./. Example [2. 14p 

zvri 

for r e H^{Y). Let re := r n [C], r e be the co-ordinate on H'^{Y) 

and PC" be the virtual representation of G given by the Fourier-Mukai transform 
[gc (8) Co] = [Rq*{p*Oci—^ j)]- Corollarv l3.30l gives the following conjecture: 

Conjecture 3.31. The small quantum cohomology (or D-modules) of X and Y 
are isomorphic under the co-ordinate change 

(56) Tc = -2TriZ^ {Oo <E) gc) 

where the right-hand side is the central charge function on Hqj^{X). See |_?^[ ) and 
U5p for formulas of Z"^ {Oo(E)gc)- In particular, the quantum variable qc — exp(Tc) 
specializes to exp(— 27ri(dim £ic')/|G|) at the large radius limit point of X. 

Remark 3.32. (i) Because X is not compact, the characterization of the vector 
Aq in Lemma 13.261 does not hold. However, we can expect that the conclusion of 
Corollary 13.301 still holds because the if-group clas|3 [Cpt] of a non-stacky point 
should correspond to each other under a birational transformation. 

(ii) Since i?^-variables do not carry the degree, we expect that the co-ordinate 
change above is also correct for C*-equivariant quantum cohomology. Here C* 
acts on C" diagonally. In dimension two, the non-equivariant quantum product is 
constant in r, so only the equivariant version is interesting. 

(iii) The specialization of qc to a root of unity comes from the fact that the 
central charges (fM)) . (fT5| of [Oq ® gc] — U^^[C'c(— 1)] take rational values at the 
orbifold large radius limit point r = 0. In [AA,, the rationality of the central charge 
of U]^"^[C'c'(— 1)] at the large radius hmit was also discussed without assuming the 
precise form of the if -group framing. When the coarse moduli space X is projective, 
under the assumption that H*{X) is generated by H'^{X) and the condition 

the rationality here is forced only by the monodromy consideration |44j . 

We have two cases. 

(Case 1) When the Hard Lefschetz condition holds for X s- X. Then we have [13|, 
Lemma 3.4.1] 

• n — 2 or 

• n = 3 and G is conjugate to a subgroup of SL(2, C) or 

• n = 3 and G is conjugate to a subgroup of 50(3, R). 

In these cases, every inertia component has age iy = 1 and the small quantum 
cohomology is already "big" (ignoring the unit direction), so the above conjecture 
determines the full relationships of quantum cohomology. Because all the central 
charges Z'^{Oq (S) g) are afhne linear on H^y{{X) (the third term in ([T5|) does not 
exist), the co-ordinate change ([56]) preserves the flat structure on the base and the 
Frobenius structures match. Each irreducible component C of the exceptional set 
E is a, rational curve and corresponds to a non-trivial irreducible representation qc 
under the Fourier-Mukai transformatior[3 (see [13 [331 [S] ) . The formula ([55)1 agrees 
with the conjecture of Bryan- Gholampour [HI (THl [T3] . The conjecture has been 
proved for An surface singularities X = [C^/Z„] [501 and for X = [C^/Z2 x Z2] and 
[€^7^4] [12] (where G = A4 is the alternating group; this is the only case where 
the non-abelian crepant resolution conjecture has been proved). 



l°This corresponds to [Oq ® fteg] in K^{C"). 

"'^^The author thanks Samuel Boissiere for explaining this for G C 50(3, R). 
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(Case 2) When the Hard Lefschetz condition fails for X X. This happens only 
when n = 3. In this case, since we have the component with age > 2, the above 
conjecture does not give a full co-ordinate change between Frobenius manifolds 
(see Remark 13.331 below) . As we can see from ([T5l) , integral periods can be non- 
linear functions on H^^{X), so the co-ordinate change can be also non- linear. 
Consider the case X — C'^/Zs, where Z3 acts on C"^ by the weight ^(1,1,1). Then 
Y is the total space of the canonical bundle of with the exceptional set E = T'^ . 
The Fourier-Mukai transformation is given by the diagram 

Y = C'p2(-3) ^ Op2(-l) ^ 

Let Qi, Q2 be the representations of Z3 such that ^3^(1 mod 3) — ^""^^l"^. For a 
degree one rational curve = C C E', the Fourier-Mukai transform of C'c(— 1) 
gives the representation qc — 2gi © g2. Thus the predicted co-ordinate change is 

where t is a co-ordinate on the twisted sector H^YiiX) dual to li , a = e^'^^/^ and 
is the genus zero potential of X (see (fTC| ). Since we have [33120]: 

F^(f) J-f^ - -^f^ + -^t^ - J093_ 12 
° ^^~3-3! 33-6! ^32-9! 35-12! 
the co-ordinate change (|57p is quite non-linear. This (I57p agrees with the compu- 
tation in [231 m] up to the Galois actions tc i— > rc + 27ri, 1 1— > a^t. 

Remark 3.33. In the second case, we can predict the full relationships between 
the small quantum cohomology by considering the central charges of [Os] G Ke{Y) 
associated to surfaces S C E in CoroUarv 13.301 Note that Z^{Os) contains the 
information of the derivative of the potential F^ (see Example 12.141 (ii)). The 
co-ordinate change of big quantum cohomology can be also determined by Vk in 
principle, but the formula could be very complicated. 
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